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Abstract 
The present thesis proposes a procedure for implementing and obtaining accurate wide 

band models of three phase dry type power transformers so the internal as well as the 
external voltage response can be computed in the time domain as well as the frequency 
domain with good accuracy. Besides proposing a procedure, an accurate internal wide 
band model is developed and verified experimentally on a three phase dry type power 
transformer with a low voltage winding similar to those low voltage windings present in 
most Danish wind turbines. The high voltage winding is of the foil disc type. The majority 
of techniques are regarded as general so they can be applied on oil-filled transformers as 
well. 

In addition it was demonstrated how field calculations can be carried out in the time 
domain to examine a typical critical spot in the insulation of the high voltage winding. 

The resulting internal model is very general in that it can be used to model arbitrary 
turn connections, which is relevant for typical transformer windings with taps, parallel 
conductors etc. The internal model actually consists of a lumped elements model up to 20 
MHz and a multiconductor transmission line (MTL) model, which takes over at 20 MHz 
and may produce reasonable results up to 100 MHz though this has not been verified. 
With the aid of vector fitting efficient reduced order models can be constructed for time 
domain simulation. 

The model takes the frequency dependence of the skin- and proximity effects into ac-
count as well as the dielectric losses. The core flux and eddy currents in the core are re-
garded as insignificant for the voltage distribution. All parameters were estimated with 
finite element computations. 

The model was verified with success up to 5 MHz. The resonance frequencies were es-
timated very accurately. Overall the amplitudes at resonance were slightly more damped 
in the model than in the measurements. Overall the experience gained shows, that it is 
important to get the detailed information in order to produce a reliable model at higher 
frequencies. 

The main drawback of a detailed internal model is the long computation times for ob-
taining the parameters. However, with the proposed simplifications for a disc winding, the 
computation time is estimated to be somewhere between 1 and 2 weeks. 

The current accuracy of the internal model is regarded as sufficient for transient simu-
lations. It seems highly likely that a user-friendly piece of software can be constructed, 
which computes all parameters, all frequency responses and finally provides a reliable and 
fast reduced order model for use in simulation software such as EMTP. Such a tool would 
be very valuable in insulation coordination studies. 
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Chapter 1  

Introduction 
1.1 Background 

In recent years numerous breakdowns have occurred in the dry type transformers of 
large wind turbines in Denmark. This is the background. However, the aim of this project 
is not to solve any specific issues related to these breakdowns. The aim is to provide a 
better understanding of dry type power transformer behaviour at high frequencies through 
modelling. A detailed transformer model which has been verified experimentally can be 
used for predicting critical internal voltages and fields in a transient environment. 

The end result should provide an improved understanding of the behaviour and model-
ling of power transformers at high frequencies, an experimentally verified transformer 
model, describe how internal parts vulnerable to transients can be identified and it should 
be demonstrated how estimates of the voltage distributions and critical fields which may 
occur inside a transformer under transient conditions can be obtained. The scope of the 
present thesis is described in more detail in the following section. 

1.2 Scope of the present thesis 

1.2.1 Overview 
The computation of critical voltage distributions and fields in dry type power trans-

formers is the main theme of this thesis. However, this topic requires several limitations in 
order to fit into a Ph.D. project. Some limitations where given from scratch, e.g. focus was 
given to dry type transformers as dry type transformers are more common in wind turbine 
transformers in Denmark than oil-filled transformers. The fundamentals can however be 
applied to oil-filled transformers as well.  

Other limitations have been set in co-operation with the steering committee along the 
way as experience was gained throughout the project. The scope of this thesis is presented 
in the diagram on the following page and each main subject is subsequently discussed. 
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PROJECT TITLE:
Critical Voltage Distributions in
the Dry Type Transformers of
Large Wind Turbines When

Exposed to Transients

Application to
oil-filled transformers

straight forward

Linear frequency
domain models and

verification

Assuming linearity is in many cases
reasonable - see discussion

Effect of connection

Lumped elements model
Transmission line model
Black box terminal model

Wye coupling
Delta coupling

Time domain
response via

frequency domain

Voltage distribution

Critical electric fields

Influence of other
factors

Severity of transients may depend on
both duration and gradient

Other factors influencing on the
voltage distribution

The connection type may influence
how a transformer should be model

Effect of low voltage winding
Influence of core permeability

 

Figure 1.2.1.1: Diagram for discussing the scope of this thesis. Middle column: Main results. Right-
most column: More specific description. Leftmost column: Comments. 

 

State of the art in high frequency transformer modelling will be discussed in chapter 2. 

1.2.2 Critical voltage distributions and electrical fields 
The voltage distribution is regarded as the main concern of this project. Internal volt-

age distributions are thus computed and verified in the frequency domain. However, elec-
trical insulation breakdown is caused by high electrical fields. For simple geometries the 
field can be computed by hand, using simple assumptions. Unfortunately insulation 
breakdown tends to occur around spiky corners and thus numerical field calculations 
become a necessity in order to determine which voltage distributions are the most critical. 
For demonstration additional field calculations are thus carried out at the most critical 
frequencies. 

Often breakdowns occur in the vicinity of the turns closest to the terminals. This part 
of the transformer is used in the field calculations as the complete geometry cannot be 
handled at once. 

As insulation breakdown is a statistical phenomena dependent on time, it is necessary 
to obtain voltage distributions and field distributions over time. Even though a model 
which provides the internal voltage distribution is the main result, effort has also been put 
into establishing a modelling principle from existing techniques such that the transformer 
can be modelled in the time domain as part of a larger system and subsequently or, if 
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preferred, simultaneously, the internal voltage distribution and critical fields can be com-
puted in the time domain from the terminal voltages using an internal model. 

As the identification of critical parts in the transformer was of main importance, most 
effort has been put into improving the internal transformer model for computation of the 
voltage distribution in the frequency domain. 

Existing references describes thoroughly a methodology to obtain very accurate wide 
band terminal models of power transformers from measurements [1-3]. In contrast, inter-
nal high frequency models seems to be lacking accuracy and several papers seems to dis-
agree on the importance of several factors, especially the influence of the core permeabil-
ity, core loss and the low voltage winding with respect to the voltage distribution in the 
high voltage winding. These issues are examined more closely. 

Similar to this, there seems to be some disagreement on the necessity of applying dis-
tributed parameters instead of lumped elements when modelling transformers at high 
frequencies. This subject is treated in later chapters by comparison of lumped and distrib-
uted models. Theoretical considerations are given in chapter 3. 

1.2.3 Linear frequency domain models and influence of the core 
From the beginning, high frequencies were of main concern, as breakdowns usually 

occur in the first part of the winding, indicating a nonlinear voltage distribution. More 
over recent publications indicate that the materials themselves are more vulnerable to high 
frequency pulses [83-85], though the pulse width also has been found to be a major pa-
rameter [86]. These two facts indicate that a short rise time combined with long pulse 
duration is damaging to the insulation. To model such wave forms correctly inside a trans-
former requires a wide band model. 

Nonlinear voltage distributions may also result in breakdowns in other parts of the 
windings as a result of internal resonances [28]. Nonlinear voltage distributions occur 
when the transients contain frequencies high enough so that capacitances cannot be ne-
glected.  This happens around 40 kHz for the foil wound three-phase power transformer 
used for model verification. The fundamental theory behind nonlinear voltage distribu-
tions is treated in chapter 3. 

Almost all high frequency models of power transformers are based on linear circuit 
equations, corresponding to the situation where all relevant material parameters are linear 
and thus independent of current and voltage. However when modelling slow transients, 
corresponding to simulations of transients of longer duration, this is not reasonable in the 
general case, due to the nonlinearity of the core permeability [18]. The present study has 
however been limited to linear models, as the high frequencies were in focus from scratch. 

The most nonlinear material parameter of a transformer is definitely the permeability 
of the iron core. When the core is not saturated, the assumption of linearity is most likely 
reasonable. In addition, several references assume that the permeability of the iron core 
can be neglected at high frequencies. 

This is mainly due to two effects: 

1. When the frequency increases the magnetic domains cannot keep the re-
polarization rate which corresponds to the frequency in question. Thus the per-
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meability decreases until it reaches the vacuum permeability, i.e. when the rela-
tive permittivity equals one. The polarization losses will naturally be gone when 
this happens as the hysteresis loop becomes nonexistent. Hysteresis loss can be 
included by including an imaginary term in the permeability, i.e. by applying 
complex permeability. 

2. As the iron is conductive, eddy currents are induced. According to Lenz law the 
magnetic field produced by the eddy currents, cancels to some extend the source 
field. The depth of penetration, also known as the skin depth, is a measure for 
how far the flux penetrates into the core. By definition the magnetic field will be 
reduced to 1/e = 37% at the depth of penetration [87], which decreases with in-
creasing frequency. 

3. In many field computations it is not necessary to simulate these eddy currents. 
The conductivity of the iron core can simply be set to zero and the permeability 
should be timed by a complex correction factor to account for the eddy current 
effects. Thus this effect can also be modelled using complex permeability. As 
the frequency approaches infinity the depth of penetration approaches zero 
meaning that the magnetic field is expelled completely. Thus the complex per-
meability of a conductive media, such as an iron core, will converge towards 
zero, whereas the loss angle converges towards 45° [87]. 

In the M.Sc. thesis [16] connected to the present study, it was found that the change 
from an iron core permeability of one to an iron core permeability of zero did not affect 
the total inductance of a foil disc significantly when computed by a finite element pro-
gram.   

In [4-5] the assumption of a negligible core is stated to be valid already from a few 
kHz. In a recent doctoral dissertation [6] from 2005, reference is given to four disserta-
tions which support that the core permeability can be neglected above 10 kHz. The men-
tioned dissertations have not been available in the present study. 

 Another high frequency model based on transmission line theory [7] also ignores the 
core permeability. The model should be capable of dealing with rise times of 0.1 µs which 
is stated to be present in gas-insulated subsystems (GIS), but the lower frequency limit of 
the model is not given. In [8] the permeability is also set to vacuum permeability. From 
graphical verification in the frequency domain, the model in [8] seems to valid be from 
around 10 kHz to 800 kHz. 

In [6] the author comes to the opposite conclusion, i.e. that the core permeability can-
not be ignored. This model goes up to around 1 MHz and includes the effect of eddy cur-
rents in the core through the use of complex permeability. An important conclusion was 
that the permeability value did not influence voltage transfer significantly (a factor of 10 
did not make much difference), whereas it was of great importance whether the core was 
modelled as an open or closed core. Thus, if the exact value of the permeability does not 
make much difference, the voltage transfer is not affected by the nonlinearity of the per-
meability. Of course, if the core is important as concluded in [6], there must be permeabil-
ity values close to the vacuum permeability where the exact permeability and thus the 
nonlinearity of the core permeability matters. 
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Though opposing opinions on the importance of the core are present in the references 
discussed above, all the above references indicate that it is reasonable to assume linearity 
for high frequency modelling. 

1.2.4 Time domain response via frequency domain 
Breakdowns in insulation materials such as epoxy depend on both amplitude and wave 

form [86]. Thus it is crucial to understand how the wave forms of the critical fields look 
like. The time domain response is therefore needed. 

The time domain response of any linear model can be computed through the frequency 
domain. This is a consequence of the Fourier and inverse Fourier transformation. In this 
way, frequency dependent material properties can easily be accounted for. 

To compute the time domain response, the FFT algorithm can be applied. However, it 
may be quite circumstantial to implement such a method for a multi-terminal component 
in circuit simulation/power system simulation software. Thus a more indirect approach 
was found through an extensive literature study. The approach belongs to the discipline of 
system identification and is briefly summarized below: 

1. A transfer function or transfer function matrix is computed in the frequency domain. 

2. A reduced order mathematical model applicable for time domain simulation is      
…….. fitted to the transfer function in the frequency domain.  

3.  Time domain simulation is carried out. 

The applied algorithm is the vector fitting algorithm [9,10,88]. It fits a state space 
model to the frequency domain response. If preferred, a corresponding RLC equivalent 
circuit can be constructed when the transfer function matrix is an admittance matrix [10] 
or an impedance matrix [11]. 

The reduced order transformer model thus provides the voltage distribution in the time 
domain. The field distribution in the time domain can then be computed for each time 
step. This procedure is demonstrated in chapter 7. 

1.2.5 Influence of other factors 
Focus has been on the internal model, as terminal models are well documented as 

mentioned earlier. Due to assumptions of linearity and negligible capacitive coupling 
between phases, the internal voltages can be computed with a single phase model when 
only the terminal voltages are known. 

To document, that good results can be obtained using these assumptions and thus that 
the approach is valid, the internal voltage distribution has been verified by measurements 
on a transformer connected in wye as well as in delta. 

1.2.6 Other effects 
The importance of the core was given an initial discussion above together with the dis-

cussion of linearity. The core is treated in detail in chapter 8 where the effect of the low 
voltage winding is also treated. The low voltage winding is given special attention, as the 
time consumption of the parameter estimation may increase significantly, if the low volt-
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age winding cannot be treated as a grounded structure. In [8,16,57] the assumption of a 
grounded low voltage winding has been applied with varying success. Other references 
simply ignore the low voltage winding [41]. It could be valuable to know exactly when 
the low voltage winding can be regarded as a grounded structure. 

1.3 Chapter Summary 
The background and scope of the thesis have been presented. Figure 1.1 provides an 

overview of the scope. The initial decisions, such as frequency range and linearity was 
discussed. 
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Chapter 2  

Overview of ……………. 
Transformer Models 
2.1 Modelling mutual impedance 

Before presenting an overview of the many advanced models in the literature, the most 
fundamental property of a transformer is discussed, i.e. mutual inductance. 

2.1.1 Mutual inductance and corresponding equivalent circuits 
Low frequency transformer models are often based on the concept of magnetizing and 

leakage inductance which stems from the T equivalent. However, the terms “leakage in-
ductance” and “magnetizing inductance” are very loosely applied in the literature [67]. 
This fact will stand out clearer during the following derivation of the T-equivalent. 

First the T-equivalent of a transformer is presented together with a schematic represen-
tation of two magnetically coupled coils: 

L1 L2

M

n:1
Lleak,1 Lleak,2

Lm

 
Figure 2.1.1.1: Left: Schematic representation of two magnetically coupled coils. This schematic is 
denoted the LM-equivalent. Right: T-equivalent with ideal transformer. The left side is regarded as 

the primary side. 

 

For simplicity we assume that the two coils, coil 1 and coil 2, are grounded and that 
losses and capacitance can be ignored. The self inductances of the coils are denoted L1 
and L2 respectively. The mutual inductance is M. The corresponding differential equations 
are: 
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dt
dI

M
dt
dI

LU 21
11 ⋅+⋅=     (2.1.1.1) 

dt
dI

M
dt

dI
LU 12

22 ⋅+⋅=     (2.1.1.2) 

 

Through Laplace transformation [55] the corresponding frequency domain equations 
become: 

2111 IMωjILωjU ⋅⋅⋅+⋅⋅⋅=    (2.1.1.3) 

1222 IMωjILωjU ⋅⋅⋅+⋅⋅⋅=    (2.1.1.4) 

 

Written in matrix notation: 

⎥
⎦

⎤
⎢
⎣

⎡
⋅=⎥

⎦

⎤
⎢
⎣

⎡
×⎥
⎦

⎤
⎢
⎣

⎡
⋅⋅=⎥

⎦

⎤
⎢
⎣

⎡

2

1
primitive

2

1

2

1

2

1

I
I

I
I

LM
ML

ωj
U
U

Z    (2.1.1.5) 

 

In this simple case the voltages across the inductors U1 and U2 equal the terminal volt-
ages. Similarly the inductor currents equal the terminal currents. Thus the nodal imped-
ance matrix is identical to the primitive impedance matrix: 

⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
⋅⋅==

2221

1211

2

1
primitivenodal ZZ

ZZ
LM
ML

ωjZZ   (2.1.1.6) 

 

The derivation of the T-equivalent is now carried out backwards: 

- It is assumed that the T- and the LM-equivalent are identical seen from the ter-
minals. 

- If the nodal impedance matrix exists, it completely characterises the terminal be-
haviour of a linear system for a given frequency [56]. Thus the T- and LM-
equivalent are identical seen from the nodes, if and only if they have the same 
impedance matrix for all frequencies. The relations between the parameters of 
the two circuits are derived in order to fulfil this requirement.  

The nodal impedance matrix of the LM-equivalent has already been found. The nodal 
impedance matrix of the T-equivalent is derived below: 

 

Relations during no-load – excitation of coil 1 

During this operating condition there is no current entering on the secondary side. 
Thus the first column of the impedance matrix can be determined: 
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1
21

111

2221

1211

2

1 I
Z
Z

0
I

ZZ
ZZ

U
U

⋅⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
×⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
   (2.1.1.7) 

 

The corresponding impedances can thus be found as: 

1

1
11 I

U
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From the T-equivalent these impedances can be found as: 
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Relations during no-load – excitation of coil 2 

This time there is no current on the primary side. Thus the second column of the im-
pedance matrix can be determined: 
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The corresponding impedances can thus be found as: 
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From the T-equivalent these impedances can be found as: 
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It has thus been shown, that the T-equivalent is reciprocal, as Z12 = Z21. Thus a T-
equivalent can never be applied to represent nonreciprocal mutual impedance. 

 

Resulting relations between LM- and T-equivalent 

By letting the impedance matrix for the T-equivalent, given by equations (2.1.1.10), 
(2.1.1.11), (2.1.1.15) and (2.1.1.16), equal the impedance matrix of the LM-equivalent, 
i.e. equation (2.1.1.6), the following expressions are obtained: 

m1,leak1 LLL +=                             (2.1.1.17) 

2
m

2,leak2 n
L

LL +=                             (2.1.1.18) 

n
L

M m=                              (2.1.1.19) 

 

Whenever equations (2.1.1.17-19) are fulfilled, the T-equivalent is a correct represen-
tation of two magnetically coupled linear inductances. It is interesting to note, that n can 
be selected arbitrarily, though n = 0 is not a valid solution. Even negative and complex 
values of n are allowed though such values do not appear to be very useful, except when 
dealing with phase shift transformers [58].  

When n has been selected, the remaining parameters of the T-equivalent can be found 
as: 

MnL m ⋅=                              (2.1.1.20) 

MnLL 11,leak ⋅−=                             (2.1.1.21) 

n
MLL 22,leak −=                             (2.1.1.22) 

 

Selecting an appropriate value for n 

The most appropriate value for n depends on the use of the T-equivalent. Some special 
cases are briefly discussed: 
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Selecting n = 1 

If n=1 is selected, there is no need for an ideal transformer and the relation between 
the LM- and the T-equivalent becomes very simple as seen in the following figure: 

L1 L2

M
M

L1 L2M M

 
Figure 2.1.1.2: Left: The LM-equivalent. Right: T-equivalent when selecting n=1. 

 

This is definitely the simplest form of the T-equivalent. This T-equivalent is also an 
example of the principle of duality [46], which is a method for constructing electrical 
equivalent circuits of coupled electrical and magnetic circuits without the use of ideal 
transformers, by representing the magnetic circuit as an electrical circuit of dual topology.  
However, only in simple cases can the ideal transformer be avoided completely. 

Resistances representing conductor losses can be added at the terminals. Subsequently 
capacitance to ground and capacitance between high and low voltage winding can be 
added too. 

Note that the leakage inductance on the low voltage side can become negative. How-
ever, this is usually not a problem as most power system and circuit simulation software 
can handle such elements and the inductances are still positive seen from the terminals 
independent on the loading condition. From the fictive node between the terminals, often 
denoted the star point, negative inductance can be seen. Thus time domain simulations can 
become unstable if the user is experimenting with the value of the magnetizing inductance 
or if additional elements are added to the star point [60]. Normally the user would not do 
this as the star point is fictive and is not to be found inside the real transformer. 

 

Reasons for selecting n-values different from 1 

If several coupled coils are present it may not be possible to avoid the use of ideal 
transformers [46]. The main disadvantage of selecting n = 1 though, is that the leakage 
and magnetizing inductances do not represent the air flux and core flux respectively. This 
is only a problem when dealing with nonlinear transformer models where the permeability 
of the core depends on the flux in the core. Thus several references [27,45,47,60] deal 
with the problem of choosing the correct voltage ratio of the ideal transformers in 3-phase 
transformer models, so that the magnetizing inductance represents the magnetic energy in 
the core. In that case it is a very good assumption to assume that the magnetizing induc-
tance is proportional to the nonlinear permeability, so that only one component in the 
transformer model varies during a simulation. 
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An alternative way of getting rid of the ideal transformer is by multiplying the imped-
ances on the secondary side by n2 and keeping in mind that the voltages on the secondary 
side are n times greater in the model than in real life. This technique is probably not very 
common anymore with the use of advanced circuit simulation software. For high fre-
quency models the technique is very inappropriate as it does not allow the low and high 
voltage side to be coupled through capacitance, due to the artificial voltage level on the 
low voltage side. 

 

Leakage inductance 

To avoid any confusion later on, it must be emphasized that the values of the leakage 
inductances of the equivalent circuit in fig. 2.1.1.1 depend on the chosen voltage ratios of 
the ideal transformers inside a model, which can be seen from (2.1.1.21-22). However, it 
is often mentioned in the literature [6,60,61] that the internal resonances of a transformer 
depend on the leakage inductance whereas the value of the magnetizing inductance has 
little or no effect. Mombello [60] actually derives this fact as he shows that the inverse 
inductance matrix converges when the common flux between turns approaches infinity. 
The authors of [60-61] denote the difference between self and mutual inductance as leak-
age inductance. This definition corresponds to selecting n = 1 for two mutually coupled 
coils. As internal resonance is one of the main concerns of this thesis, this definition is 
adopted for the remaining part of this thesis1. Thus to sum up, in the remaining part of this 
thesis the term leakage inductance refers to the difference between self and mutual induc-
tance, i.e. L-M.  

2.2 Overview of models in the literature 
This section briefly presents some of the most important existing transformer models. 

This overview should provide some background for understanding the decisions taken 
with respect to model type. 

2.2.1 Linear and nonlinear models 
A model may either be linear or nonlinear. Models and systems are linear when super-

position applies. A linear model may be regarded as a simple case of a nonlinear model, 
so in this section some of the phenomena which cannot be described with a linear model 
are briefly touched upon. 

In transformers the main nonlinear parameter is the core permeability. There are many 
nonlinear transformer models described in the literature [21-23] but they normally only 

                                                           
1 It must be mentioned that this definition is in contrast to the ANSI/IEEE standard [68] where 

the turns ratio is included in the definition. Nevertheless the chosen definition seems to be the most 
widely applied definition in old as well as recent papers from IEEE regarding transformer model-
ling, and the most useful for modelling internal resonances. Wilcox [69] attempted to introduce the 
simple term differential impedance which is the difference between mutual and self impedance, 
containing differential resistance and differential inductance. The differential inductance is thus 
identical to the definition of leakage inductance adopted in this thesis. The terms differential induc-
tance, differential resistance and differential impedance have not been widely adopted. Only two 
papers have been found, which adopts the term differential inductance [70-71]. 
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cover what may be called low- and mid-frequency transients. These are models which 
usually do not have nodes inside the windings but may still represent the first resonances 
with respect to impedance if lumped capacitance is placed between terminal nodes and 
ground. Unfortunately such models cannot provide the internal voltage distribution. A 
review of such models is given in [24]. 

Even though most nonlinear models do not contain nodes inside a winding, the fun-
damentals can usually be extended to more detailed models so that the high frequency 
range where internal winding resonance occur can be modelled. A promising attempt was 
made in [28] where the concept of duality between magnetic and electrical networks was 
applied. In this manner the magnetizing branch is the only nonlinear element, even when 
the transformer model is very detailed. 

Nonlinear models may be divided into subtypes according to the ferromagnetic proper-
ties the model can simulate. The most advanced transformer models are based on the 
Jiles-Atherton model and thus capable of representing remanence flux and minor loops 
accurately [21]. For fundamental ferroresonance and inrush current studies more simple 
magnetizing curves without hysteresis will do [25]. 

Depending on the electrical environment, the model as well as a real transformer may 
become highly sensitive to the initial conditions and thus unpredictable. Such chaotic 
behaviour should be avoided at all times but may be present even in simple circuits.  The 
terminal conditions at which chaos is onset can be determined using continuation tech-
niques and bifurcation theory as demonstrated in [26]. Due to the complexity of some 
ferroresonance phenomena, more research is needed. As it was put by an IEEE working 
group in 2000 [27]: “At this time, it is seen that modelling of ferroresonance is as much an 
art as a science”. 

The high complexity of nonlinear phenomena makes nonlinear transformer models 
time consuming and thus hard to combine with high frequency models which require a 
high level of detail. Further more, power transformers are regarded as linear components 
in the high frequency region. These two facts are the main reason that the resulting models 
of this thesis are linear. 

2.2.2 Frequency domain or time domain 
The choice of a frequency or time domain model is actually more a choice of simula-

tion method than a choice of model. However, the boundary between model and simula-
tion method can be blurred. 

The point of transformer modelling is to obtain knowledge of currents, voltages, losses 
etc. for certain points in time corresponding to a time domain result, possibly obtained 
indirectly via the frequency domain. Though the frequency domain may sometimes pro-
vide a better understanding of the behaviour of a component, the goal is normally to ob-
tain the result in the time domain. The most obvious advantages and disadvantages of the 
two domains are presented below: 

 

 

Frequency domain – advantages and disadvantages 
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Computations done in the frequency domain are actually steady state computations: 
When a complex number is obtained for a current or voltage, the modulus refers to the 
amplitude of the sinusoidal voltage or current and the argument refers to the phase angle 
with respect to some reference. 

Thus if someone needs to find the steady state response under simple sinusoidal exci-
tation, the frequency domain is the natural choice as the steady state solution is obtained 
right away. In contrast several time steps must be carried out in a time domain simulation 
before the transients have decayed sufficiently to provide a reasonable estimate of the 
steady state. Thus EMTP like programs have the option of initializing a transient time 
domain simulation with a frequency domain solution [29-30]. 

In case harmonics are present we are still dealing with steady state even though the 
wave forms are distorted. If the distorted wave forms must be obtained the natural choice 
is to compute the time domain solution from the frequency domain solution with the use 
of the inverse Fourier transform. This approach requires that the harmonic sources are 
known [29]. 

Besides the efficient computation of steady state responses, the frequency domain can 
also be applied as an indirect approach to compute a transient response in the time do-
main. A frequency domain solution can be obtained for each time step and convoluted to 
the time domain simulation [37] or the final result can be found with FFT [7]. 

The point of doing transient simulations via the frequency domain is usually the fre-
quency dependence of the parameters. Another reason is that the simulation time can 
become very long for big models. Once the frequency response has been obtained it can 
be stored for the frequencies of interest. Subsequently less time consuming simulations 
can be carried out. Thus if several time domain simulations are to be carried out on a big 
linear system, a frequency domain approach is certainly advantageous with respect to time 
consumption. 

The main drawback of the frequency domain approach is the inability to simulate tran-
sients in nonlinear systems, as the inversion from frequency to time domain requires that 
superposition can be applied. 

 

Time domain – advantages and disadvantages 

From the above discussion it can be concluded that time domain simulations are nec-
essary in order to simulate nonlinearities. Further more the time domain response is ob-
tained directly without transformations. 

The main drawback of time domain simulation is the difficulty of implementing fre-
quency dependent parameters. Above it was briefly mentioned that frequency domain 
computations can be done in between time steps, i.e. a sort of hybrid time/frequency simu-
lation. Another way of implementing linear but frequency dependent effects is by fitting 
linear mathematical models to the frequency response of the frequency dependent parame-
ter. The mathematical model should be chosen such that it is easily implemented in a time 
domain simulation and the parameters of the mathematical model should be fitted such 
that the mathematical model has approximately the same frequency domain behaviour for 
all relevant frequencies. Normally the mathematical model is a rational function [1-3,9-
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11,31-33]. Often a corresponding RLC-network equivalent with frequency independent 
parameters can be extracted for a more convenient implementation [1-3,10,11,31,33]. 
These techniques are similar to those which are applied for black box modelling. 

To conclude, time domain simulations can be used for modelling nonlinear as well as 
frequency dependent effects though implementation of the latter may cause some difficul-
ties. In contrast frequency domain simulations cannot account for nonlinearity though 
known harmonics can be included as sinusoidal sources for steady state simulations with 
distorted waveforms. Still huge linear components are often modelled in the frequency 
domain due to the smaller time consumption. Subsequently many of the previously men-
tioned techniques can be applied to obtain a time domain solution. 

2.2.3 Lumped or distributed parameters 
Most transformer models apply the approximation that the parameters are lumped. 

However, a few high frequency models take the distributed nature of the parameters into 
account. In 1941 Rüdenberg analysed a thin single-layer coil analytically through field 
considerations, taking into account the distributed nature of the parameters [39]. A very 
important conclusion was, that the individual coils which constitute a winding, behaves as 
transmission lines up to some boundary frequency. This provides a good argument for 
treating each layer in a layer-type transformer as a transmission line as done in [19]. The 
coupled transmission lines can then be handled through the theory of multiconductor 
transmission lines (MTL). 

It must be mentioned that the capacitances between turns was neglected in [39], which 
is why Rüdenberg assumed the helical coils to be thin. Thus care should be taken when 
modelling transformers with MTL theory with resolutions coarser than one transmission 
line per turn. 

An MTL model with layer resolution was recently described in [19] for very fast tran-
sient overvoltages (VFTO’s). A similar approach was applied in [41] where the system 
performance was modelled by regarding the winding as a series connection of uncoupled 
transmission lines, one for each coil. Subsequently the voltage inside a coil was deter-
mined from a MTL turn resolution model of a single coil and the previously computed 
voltage across the coil. 

There have been a few models which operate with a resolution of one transmission 
line per turn [40,42-44]. The amount of modelled turns are available in [42-44] and the 
maximum number of turns was 180, corresponding to their laboratory model. In a typical 
dry type transformer there is likely to be 1500-2500 turns depending on the design and 
voltage level. Thus no transmission line models with turn resolution seem to have been 
verified on a real power transformer. More over none of these models describe how arbi-
trary winding connections and the low voltage winding can be accounted for. 

2.2.4 Circuit description 
Electromagnetic components may be represented by more or less complicated circuits 

consisting of various circuit elements. The most common circuit elements are resistance, 
inductance and capacitance, which represent energy loss, magnetic energy storage and 
electric energy storage respectively. Even the tiniest component exhibits these three char-
acteristics though it may be reasonable to neglect one or more of these characteristics. 
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The point of a circuit description is to visualize the fundamental behaviour, which may 
be practical when one wants to systematically establish corresponding equations in order 
to compute how the component or system of components responds under certain condi-
tions. For software implementation the user can often just insert the circuit elements 
graphically and run a simulation without any knowledge of the underlying mathematics. 

However, circuits containing coupled inductances, as is the case for transformers, may 
be represented by various types of circuits, though they may still provide the same solu-
tion and as such the mathematical descriptions are equivalent. An example of this is the 
previously discussed classical T-equivalent representation of two self-inductances L1 and 
L2 coupled by the mutual inductance M. The definition of self- and mutual inductance is 
directly related to the energy stored in the magnetic field. It depends on the situation 
which description is the most appropriate. 

A lot of things may be considered when choosing a circuit description:  

Things to consider could be: 

- Which circuit has the most easily obtainable parameters 

- Which circuit type is most easily implemented in the available software 

- Computation time of the circuit, which also depends on what should be computed 

- Properties of the model  

 

Sometimes the following main categories are mentioned [6,53]: 

1. Mutual and self inductance description (lumped and distributed). 

2. Leakage and magnetizing inductance description (lumped only). 

3. The principle of duality (lumped only). 

However, there appear to be some disagreements in the literature on the principle of 
duality. Usually Cherry [46] is referred to when the principle of duality is mentioned 
[6,27,45]. Other references [45] apply the term more loosely for all models which repre-
sent the magnetic circuit as an electrical circuit, i.e. Hopkinson’s law. Finally it should be 
noted that the principle of duality gives the classical T-equivalent circuit as shown in [46] 
and thus, at least for this circuit, the leakage and magnetizing inductance approach pro-
vides identical circuit topology. 

Due to the blurred definitions of category 2 and 3, it is not attempted to describe these 
categories further, but just to mention that they differ from method 1 which is based on 
the physical definitions of mutual and self impedances. Categories 2 and 3 are more easily 
implemented in software programs, whereas category 1 can be handled easily in the fre-
quency domain using matrix techniques. 

The two latter approaches are two ways of including the magnetic circuit in the circuit 
description, thus providing access to the nonlinear reluctance of the magnetic circuit. This 
is a practical approach for modelling nonlinearities in a three-phase core. 
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2.2.5 Physical interpretation 
A model may be constructed from knowledge of the actual transformer geometry or 

the model may be based solely on measurements. In the latter case the model does not 
provide any understanding of the transformer. This leads to a categorization with respect 
to the physical interpretation. 

1. Physical approach: Each element of the model has a physical interpretation.     
Examples: [5-8,19] 

2. Black box model: Model constructed by fitting mathematical expressions to the 
measured behaviour of the transformer. Examples: [1-3,31] 

3. Hybrid model:  Combination of 1 and 2. Examples: [20,38,45,48] 

Both linear and nonlinear physical models are quite common whereas most black box 
models are linear. Hybrid models have the advantage that the nonlinear part of the model 
can be based on physics whereas the linear part of the model can be treated as a linear 
black box. As an example, the hybrid model of [45] contains a black box model of the 
leakage inductances and a physically founded nonlinear core model. A very important 
black box modelling technique denoted “vector fitting”, is described more thoroughly in 
the next section. 

Though there exist some general purpose nonlinear black box models, only a single 
paper has been found which describe a nonlinear black box transformer model [35]. An 
overview of general purpose nonlinear black box models can be found in [34]. 

2.2.6 Mathematical description 
When circuit simulation software is applied to simulate a given RLC circuit, the user 

does not need knowledge about the mathematics underlying the simulation. But when 
more complicated models need to be implemented in a piece of software the user has to 
choose the mathematics which he will use to interface the model with the software. 

 

State space representation 

The state space representation refers here to the definition used in control engineering. 
If a system can be described by a set of linear ordinary differential equations, the equation 
system can be expressed as [49]: 

)t()t()t()t()t( vBxAx +=&                             (2.2.6.1) 

)t()t()t()t()t( vDxCy +=                             (2.2.6.2) 

Here v(t) is the model input vector, x(t) is a vector containing the states of the systems 
and y(t) is the model output vector. is the time derivative of x(t). The matrices A, B, C 
and D characterize the system. The block diagram of such a state space representation can 
be found in [49]. 

)t(x&

In electrical circuit analysis the states are inductor currents and capacitor voltages, as 
these states cannot change instantaneously. In other words they are the memory of the 
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system. In contrast, a purely resistive circuit does not have any memory and thus it does 
not contain any states. In that case equation (2.2.6.2) reduces to Ohm’s law: 

)t()t()t( vDy =      (2.2.6.3) 

Inputs v(t) could be currents and outputs y(t) could be voltages. However a mixture of 
voltages and currents in input and output is also allowed. If the circuit parameters of a 
system do not change with time, the matrices A, B, C and D are constant matrices. How-
ever, as they are allowed to change with time, nonlinear phenomena such as saturation can 
be modelled. In a time domain simulation the flux can thus be computed for each time 
step. The inductances are then updated by modifying the A, B, C and D matrices before 
the next time step is carried out. The state space model described above is for continuous 
time simulations. If discrete time simulations are preferred, (2.2.6.1-2) should be replaced 
by the corresponding discrete state space representation2. 

There are many advantages of using the type of state space model described by 
(2.2.6.1) and (2.2.6.2). The performance of the state space model in the frequency domain 
is also easily obtainable, as the transfer function matrix in the frequency domain can for 
linear time invariant systems be written [3]: 

DBAICy +−= −1)s()s(      (2.2.6.4) 

The main disadvantage of state space modelling seems to be the difficulty of obtaining 
the matrices A, B, C and D, especially when mutual inductances are present. There exists 
at least one commercial programming package which can compute the corresponding state 
space model of a lumped RLC circuit containing transformers and mutual inductances 
[30]. In addition, it is shown in [53] how the state space model can be obtained for a 
grounded winding if the R, L, C and M matrices are known. Frequency dependence of 
these matrices cannot be implemented in a time domain simulation this way. 

In [1-3,51] Gustavsen utilizes this simple relation between the time and frequency do-
main for wide band black box modelling of power transformers in that he fits a state space 
model to the measured admittance matrix of the transformer. The fitting algorithm de-
noted “vector fitting” was first introduced by Gustavsen and Semlyen [50] in 1998. Due to 
its general applicability and its ability to produce high quality fits it is now being applied 
in many other engineering disciplines than just electrical power engineering. Freely avail-
able MATLAB functions can be downloaded from the vector fitting website [52]. 

Since the vector fitting algorithm was first introduced, the algorithm has been modi-
fied to include an additional term in the fitting process for a higher flexibility, correspond-
ing to a state equation of the type [3]: 

                                                           
2 At any time/time step the relation vDxCy +=)t(  holds, i.e. the matrices C and D are inde-

pendent on whether we are dealing with discrete or continuous time. This is not the case for matri-
ces A and B. The discrete equation parallel to equation (2.2.6.1) is x(t+h) = F x(t) + G v(t) where F 
and G can be found from the continuous time A and B matrices: 

F = I + A2 h2/2! + A3 h3/3! + A4 h4/4! + …   

G = [ I h + A h2/2! + A2 h3/3! + A3 h4/4! + … ] B 
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EDBAICy s)s()s( 1 ++−= −     (2.2.6.2) 

As mentioned previously the A, B, C and D matrices of (2.2.6.1-2) are sufficient for 
describing any linear set of ordinary differential equations. However, during the fitting 
process there are certain restrictions on the matrices and thus it makes good sense to in-
troduce the additional matrix E for higher flexibility. If E is forced to zero the state space 
model can be applied right away in any simulation software which contains a state space 
block3. In [10] it was shown how all five matrices could be accounted for in an EMTP 
implementation and as a result of the work underlying the present thesis it was described 
in [11] how the information in the E-matrix can be included in matrices A, B, C and D. 

In addition an equivalent electrical network can be extracted in case the fitted matrix is 
an admittance matrix [10] or an impedance matrix [11]. It must be emphasized that the 
resulting equivalent in general has no resemblance with the physical construction of the 
component it represents. 

A similar approach was applied in [61] where a high order rational function was fitted 
to the frequency response using the “µ analysis toolbox” for MATLAB in order to obtain 
a state space model. However, high order rational functions are ill-conditioned. The pre-
viously mentioned vector fitting approach solved this problem as the fundamental func-
tions to be fitted are sums of low order rational functions. Recently Deschrijver and 
Dhaene [62] have improved the numerical stability of vector fitting algorithm by modify-
ing it to what they call orthonormal vector fitting. In 2006 Gustavsen [88] improved the 
identification of the poles significantly, which practically means that a lower order model 
can be applied with better success than in the original formulation of vector fitting [9]. 

 

Matrix parameter representation 

Matrices containing the parameters of a system as e.g. a transformer are: R (resistance 
matrix), L (inductance matrix), C (Capacitance matrix) and G (conductance matrix). 
These matrices can be given to some EMTP programs as input. Sometimes the inverse 
inductance matrix can be provided instead, which is necessary if the magnetizing induc-
tance is assumed infinite. 

For lumped systems the matrix representation is very useful for frequency domain 
analysis as all voltages and currents then can be found by topological methods. The most 
appropriate topological approach for lumped systems can be determined from Roth’s 
diagram [63]. For determination of the internal voltage distribution the simplest topologi-
cal approach is the use of the incidence matrix A, which can be used for computing the 
nodal impedance matrix equal to AtYA. This approach is commonly applied [6,64,89]. 
This thesis further more introduces a novel topological matrix which makes the corre-
sponding analysis of distributed parameter models almost as simple. In this case the nodal 
impedance matrix formula equals Ht YocH. More information on computing the nodal 
impedance matrix can be found in chapter 3. 

                                                           
3 The state space model can be chosen as complex or real valued. Normally only real valued 

state space models can be applied in simulation software. 
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2.3 Chapter summary 
In this chapter several types of transformer models from the literature have been pre-

sented. For black box modelling the vector fitting method seems to be the most effective 
approach for accurate representation of terminal behaviour. For internal models capable of 
predicting voltage distributions, knowledge of the internal topology and geometry is a 
must. The internal model may provide a reasonable model for the terminal behaviour too, 
which is important during the design stage where a black box model cannot be obtained. 

In addition the T-equivalent was analyzed, mainly to explain how the term leakage in-
ductance is applied differently in the litterature. The definition of leakage inductance in 
[60] was adopted for this thesis. The leakage inductance is thus the difference between 
mutual and self impedance which is important for determining the nonlinear voltage dis-
tribution. Leakage inductance should not be confused with the inductance contribution 
from the flux in air though this flux is denoted leakage flux. 
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Chapter 3  

Theory 
3.1 On this chapter 

This chapter deals with some additional theory required in order to understand the 
causes for nonlinear voltage distributions thoroughly and how nonlinear voltage distribu-
tions can be modelled. 

3.2 Nonlinear voltage distribution in simple coil model 
Very simple coil models for simulating nonlinear voltage distributions are presented in 

this section together with symbolic analysis of their frequency domain behaviour. 

3.2.1 Coil models consisting of Π, T and Γ sections 
Passive electromagnetic components can be modelled by lumped elements up to some 

frequency. This frequency depends on the model resolution. Roughly speaking the valid 
frequency range of the model depends on the number of lumped elements. One rule of 
thumb states that there should be 10 lumped elements per wave length [72,79]. As the 
wave length decreases with increasing frequency this rule determines the upper frequency 
limit fmax of the model. According to yet another rule of thumb [76,79], the model must 
not be exposed to rise times shorter than 0.35/fmax. 

The Π-model 

In order to model nonlinear voltage distributions, a coil model must at least have one 
internal node besides the top and bottom node. Thus three nodes are the minimum. 

A simple three node model is shown in the following figure: 

C C C1
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1
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L L
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Figure 3.2.1.1: Simple model of a coil with a minimum of nodes for modelling nonlinear voltage 

distributions. This model is denoted the Π-model as it consists of two series connected pi-sections, 
though with mutual coupling. The capacitance to ground of each turn is denoted C.  
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The model above is for convenience denoted as the Π-model (pi-model), as the capaci-
tances have been lumped in accordance with the usual Π-section where half the capaci-
tance of each winding segment is placed in each end of the inductance representing that 
segment. 

From the Π-model it can be understood why the voltage distribution becomes nonlin-
ear at higher frequencies: At low frequencies the capacitances can be ignored and thus the 
same current runs through all turns. Thus the same voltage drop is present over each turn. 
At higher frequencies the capacitances draw currents and thus the currents will not be 
constant throughout the winding. As a consequence there will not be the same voltage 
drop across each winding segment and a nonlinear voltage distribution will be present. 

The common flux counteracts to some extend this effect as it induces the same voltage 
drop in every turn. However, the voltage drops cannot be completely identical as resis-
tance and leakage inductance is present. Still the magnetizing inductance dominates the 
voltage drop caused by the current in a single turn except at resonance where the currents 
to some extend cancel the magnetic field due to phase differences in the currents. It will 
be explained later, how resonance can be regarded as standing waves. 

In the simple Π-model of figure 3.2.1.1 it is assumed that the capacitances to ground 
for each turn are equal. This is not necessarily the case in general but is assumed here for 
simplifying the upcoming symbolic manipulation. 

 

The T-model 

In the literature [36,65,66] the term T-equivalent is sometimes used for a specific 
structure which is dual to that of the Π-equivalent. This equivalent should not be confused 
with the T-equivalent of a transformer described in section 2.1. Thus this structure will be 
referred to as a T-section. In a T-section the inductance of the line is partitioned into two 
series connected inductances with the total capacitance positioned in the middle. In stead 
of applying the Π-model from figure 3.2.1.1 which contains two series connected Π-
sections, it can be chosen to apply a single T-section. The choice between T- and Π-
section models can affect the valid frequency range of the model. 

Unlike the Π-model only a single T-section is needed in order to obtain an internal 
node for the computation of a nonlinear voltage distribution of a grounded coil. From a 
theoretical view point this model contains the coarsest possible model for simulating 
standing half waves as there should be at least two lumped capacitances per wave length 
and preferably ten for good accuracy [72]. 

The T-model is shown below: 
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Figure 3.2.1.2: coarsest possible model for modelling internal voltage distribution. This model is 

denoted the T-model.  

 

The Γ-model 

The above two models, the Π- and T-models, lumped the capacitances and induct-
ances symmetrically around the centre. Thus it may at first seem useless to introduce yet 
another model which has a less physically founded lumping of capacitance. However, a 
transformer winding model by series connected Γ-sections, has the advantage that the 
parameter matrices are identical to that of a corresponding multiconductor transmission 
line model when the winding is grounded. 

For large models, Γ-sections are most easily applied as the computed parameters do 
not have to be split and lumped in two different locations, which is the case for the Π-
section where the capacitance is divided into two and for the T-section where the induc-
tance is divided into two. For Γ-sections the capacitance is simply displaced half a turn. 
This was utilized in [16] and [57] and seems reasonable when the frequency is not too 
high, as the number of turns is usually quite large. 

The Γ-model is shown below: 

C C

L L
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Figure 3.2.1.3: The Γ-model. The capacitance of each winding segment has been lumped in only 

one end of the corresponding segment resulting in a unsymmetrical representation of each segment. 

 

In [36] the Γ-section is mentioned together with a laterally reversed Γ-section. In the 
latter case the capacitances from a winding segment is shifted to the right, whereas the 
capacitances are shifted to the left in a Γ-section. However, the approach is fundamentally 
the same. 
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Frequency response at centre node 

The coil is now assumed grounded at the rightmost node and a voltage is supplied at 
the leftmost node which is called the terminal. The transfer function which equals the ratio 
between the voltage at the centre node and the supply voltage was computed using he 
symbolic toolbox of MATLAB. The results are: 

Model Uterminal/Ucentre Half wave resonance frequency 

T-model ( ) 12ωC2)ML(2
−

⋅⋅⋅−−  C)ML(π2
1f resonance

⋅−⋅⋅
=  

Π-model ( ) 12ωC)ML(2
−

⋅⋅−−  C)ML(π
1f resonance

⋅−⋅
=  

Γ-model ( ) 12ωC)ML(2
−

⋅⋅−−  C)ML(π
1f resonance

⋅−⋅
=  

Reverse Γ-model ( ) 12ωC)ML(2
−

⋅⋅−−  C)ML(π
1f resonance

⋅−⋅
=  

Table 3.2.1.1: Comparison of the most simple T, Π, Γ and reverse Γ models for modelling internal 
resonance. 

 

As can be seen the above table, the resonance frequencies depend on the leakage in-
ductance as defined in chapter 2, i.e. the difference between self- and mutual inductance. 
Thus if a constant is subtracted or added to all self- and mutual inductances of a winding, 
which is approximately the case when the permeability of the iron core is changed, the 
resonance frequency does not change. Only in the case where the permeability becomes so 
low, that it affects the flux pattern outside the core, the leakage inductance and thus the 
resonance frequency will be affected. 

Also with respect to the transfer functions, only the leakage inductance and not the in-
ductances themselves influence in these simple cases. However, this is not generally the 
case as the resulting models of this thesis will show. 

The resonance frequency has been computed assuming a lossless system. However the 
transfer functions are correct as the losses can be included as complex inductance and 
capacitance, as the derivation of the transfer function did not require the inductances and 
capacitances to be real valued. 

Half and quarter wave resonance 

As the coil is grounded the reflection coefficient at the end of the coil is -1. Thus reso-
nance occurs when the total length of the coil equals half a wave length, which is why the 
resonance frequency was denoted the half wave resonance frequency. If the coil was float-
ing the reflection coefficient would be +1 and resonance would then occur if the length of 
the line equalled one quarter of a wavelength. The resonance frequency of a floating coil 
is thus half the resonance frequency of a grounded coil. 
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The following plots should illustrate the half wave resonance phenomena. Imagine that 
a sinusoidal voltage source is applied at the terminal of a grounded coil/transmission line, 
the voltage crossing zero at time t=0. The travelling time from the sending end (terminal) 
to the receiving end (ground) is denoted ∆t. The first wave front arrives thus after ∆t. The 
following voltage distribution is then present after ∆t: 
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Figure 3.2.1.4: Voltage distribution along a transmission line after the travelling time ∆t has passed. 
The resonance frequency is applied so the wave front has just arrived at the receiving end. 

 

One half period later, i.e. 2⋅∆t, the first half wave has just been reflected with negative 
sign due to the negative reflection coefficient and the second half wave has just arrived at 
the receiving end. For a loss free conductor these two waves travelling in two different 
directions will add so the voltage at the centre of the line will be twice the supply voltage 
amplitude. This is illustrated in the following figure: 
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Figure 3.2.1.5: Voltage distribution along a transmission line after the travelling time 2⋅∆t. The first 
and second half wave add to produce a standing half wave of 2 p.u. 

 

After 3 travelling times ∆t have passed the voltage distribution becomes: 
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Figure 3.2.1.6: Voltage distribution along a transmission line after the travelling time 3⋅∆t. The three 
half waves add to produce a standing half wave of 3 p.u. 

 

The above pattern will continue until the sum of travelling waves converges. The sum 
of waves will only converge if losses are present in the system as losses decreases the 
amplitude of the wave as it propagates down the line. In the case of a lossless transmission 
line the voltage increase is exactly 2 p.u. each cycle, as 1 p.u. is added every half cycle. If 
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losses are small in the material, an increase of 2 p.u per cycle is a good approximation 
during the first many cycles. 

The fundamentals are the same for quarter-wave resonance of a floating winding. In 
tha

Res nance frequency in a three conductor transmission line 

reference conductor, usually 
gro

n all 
con

     (3.2.1.1) 

C     (3.2.1.2) 

 

 this three conductor transmission line (ground should be counted in) two velocities 
are

t case the reflection coefficient is 1 instead of -1. This time 1 p.u. is added every quar-
ter of a cycle, resulting in an increase of 4 p.u. per cycle. 

 

o

In multiconductor transmission line (MTL) theory the 
und, is normally counted in when counting the number of transmission lines in a sys-

tem. If the previously discussed coil consists of two turns only, the coil can be regarded as 
a three conductor transmission line where ground is regarded as the third conductor.  

The multiconductor transmission line theory accounts for capacitance betwee
ductors. In order to compare the following MTL results with the previously discussed 

lumped elements models it is furthermore necessary to introduce two series capacitances: 
Cseries (between the two turns) and Csum (the sum of ground and series capacitance). The 
ground capacitance of each turn is still denoted just C. According to multiconductor 
transmission line theory the inductance and capacitance matrices of two turns placed 
symmetrically with respect to ground are: 

⎥
⎦

⎤
⎢
⎣

⎡
=

LM
ML

L

⎥
⎦

⎤
⎢
⎣

⎡
−

−
=

sumseries

seriessum

CC
CC

In
 present [73]. Applying the notations of the previously discussed coil model, these two 

velocities can be written [73]: 

( ) ( ) ( ) ( )seriessumseriessume CCMLdccml1v −⋅+=−⋅+=   (3.2.1.3) 

( ) ( ) ( ) ( )seriessumseriessum0 CCMLdccml1v +⋅−=+⋅−=   (3.2.1.4) 

 

he length of each turn is denoted d and is introduced in order to describe the veloci-
ties

T
 using the total turn values (upper case letters) instead of using the values per unit 

length (lower case letters). The length of a coil consisting of two series connected turns is 
thus 2⋅d. Expressed in terms of the series and ground capacitance the velocities are: 

( ) CMLdv e ⋅+=   (antenna)  (3.2.1.5) 

)( ) ( series0 C2CMLdv ⋅+⋅−=  (differential)  (3.2.1.6) 
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The velocity ve refers to the common mode which represents antenna currents and v0 
refers to the differential mode currents. Antenna currents are not covered by standard 
MTL theory [36]. Antenna currents are much smaller than the differential mode currents 
and can be ignored except if radiated emissions must be estimated [36], as antenna cur-
rents as the name suggest, radiate far more energy per ampere than differential currents. 
Thus the only relevant velocity is v0. It must be mentioned, that if the conductors had not 
been symmetric with respect to ground, two differential mode velocities would have been 
present [36].  

Keeping in mind that the length of the coil is 2⋅d, the half wave resonance frequency 
can be computed: 

( ) ( )series

0
resonance

C2CML4
1

d2
v

2
1f

⋅+⋅−⋅
=

⋅
⋅=   (3.2.1.7) 

 

If this result is compared to that of the single T-equivalent, it is found that the T-
equivalent underestimates the resonance frequency by: 

%10
π2

41
f
f

1
MTL

T =
⋅

−=−     (3.2.1.8) 

 

In contrast the Π, Γ and reverse Γ overestimate the resonance frequency by: 

%271
π
41

f

f

MTL

,, *
=−=−ΓΓΠ     (3.2.1.9) 

 

Thus the estimated resonance frequency depends on the chosen circuit description, if 
the parameters are taken to be identical to those of the transmission line. The T-model was 
found to be the most accurate with respect to the prediction of the half wave resonance 
frequency even though it only consisted of a single T-section, whereas the Π, Γ and re-
verse Γ models consisted of two sections. From theoretical considerations it is difficult to 
tell whether the application of several T-equivalents is advantageous for detailed trans-
former models compared to applying e.g. Π-equivalents. Π, T, Γ and reverse Γ-models 
will for the final transformer model in this thesis thus be compared with a corresponding 
MTL model.  

3.3 On the use of lumped and distributed parameter models 

3.3.1 Reflection modelling with Π-sections 
A multiconductor transmission line (MTL) model which have distributed R, L, C and 

M parameters [36] represents travelling wave phenomena such as time delay and reflec-
tions more accurately than a model consisting of lumped RLCM parameters. Even though 
a surge which impinges on the terminal of a lumped element circuit immediately transfers 
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energy to every part of the network, the time delay can still be modelled with a lumped 
element circuit in the sense that the main part of the surge arrives after a delay approxi-
mately equal to the delay of a real transmission line. This fact is illustrated in the follow-
ing figure: 
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Figure 3.3.1.1: Voltage at sending and receiving end of a transmission line modelled with 50 Π-
sections in SimPowerSystems. For comparison the response of an ideal transmission line is plotted 

too. Applied parameters: 1e-6Ω/km, 1e-3H/km, 1e-5F/km,length=10m. Travelling time is 1µs. 

 

The deviation between the response of the ideal transmission line and the Π-equivalent 
can be directly related to deviations in the frequency domain. Lumped element circuits 
have a finite amount of resonance frequencies whereas transmission lines have an infinite 
amount. A lumped circuit model can thus be regarded as an approximation to a transmis-
sion line model. In the valid frequency range of the Π-equivalent the corresponding 
transmission line model would normally perform better as it takes the distributed nature of 
the parameters into account. However, this requires that the assumptions on which the 
transmission line model is based are fulfilled for the frequencies of interest.  

3.3.2 On the validity of transmission line models 
Evenly distributed parameters 

The use of multiconductor transmission line (MTL) theory is in the general case more 
time and memory consuming than the use of lumped elements and it is usually regarded as 
more difficult too. It is thus important to understand that transmission line models and 
multiconductor transmission line models have limitations too. 

For instance, in some cases the transmission line model may have slightly better accu-
racy than a corresponding lumped elements model but the valid frequency range of both 
models may be approximately the same. In extreme cases the lumped element model may 
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even have a better performance, as the capacitances can be lumped unevenly in order to 
account for certain geometries. 

An example where the fundamental assumptions of MTL theory are not always ful-
filled is when the high and low voltage windings are regarded as two coupled transmission 
lines. Standard MTL theory would then require that the capacitance between the high and 
low voltage winding is evenly distributed throughout the winding. However, this is not 
true when for instance the low voltage winding consists of a single foil disk as is the case 
for the transformer used for verification in this thesis. In that case almost all capacitive 
coupling from the high to the low voltage winding goes to the low voltage turn closest to 
the high voltage winding. 

The assumption is approximately fulfilled when both windings are helical windings 
though. In the more general case the conductors should run parallel to each other. Thus 
the natural model resolution in an MTL transformer model is a model which regard every 
turn as a transmission line. MTL models with resolutions in between a turn resolution and 
winding resolution can be applied too. Such MTL models may have a better accuracy in 
the valid frequency range than a corresponding lumped elements model, but a lumped 
model with a higher model resolution would have a higher band width. 

 

Closely located conductors 

In order to apply MTL theory with success at high frequencies the distances between 
the conductors should not be comparable to the wave length. In [36] it was mentioned that 
this approximation began to influence on models when the longest distance between con-
ductors was around 1/40 of a wave length. When this effect becomes significant the waves 
cannot be regarded as transverse electromagnetic waves (TEM), which is one of the basic 
assumptions for applying transmission line theory. When the waves are not TEM-waves, 
currents and voltages cannot both be defined uniquely [36,74]. In the general case it is 
thus necessary to apply full-wave solvers to obtain a reasonable accuracy. This is not 
realistic approach for a power transformer model. However, according to [74] it should be 
possible to correct for full-wave effects by applying nonreciprocal frequency dependent 
parameters. 

 

Antenna currents 

Antenna currents are small compared to those currents which are accounted for by 
standard MTL theory [36]. Thus they are not regarded as a significant source of error. The 
antenna currents were described more thoroughly for a three conductor transmission line 
in the previous section. 

3.3.3 The nodal admittance matrix of a lumped circuit 
The general approach 

As voltages and not currents are of main concern to this thesis, a nodal approach to es-
timation of the voltages in a system is applied. This section deals with the general aspects 
of forming the admittance matrix of a lumped system whereas chapter 4 deals with the 
application to transformers. 
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It is attempted to illustrate the simplicity of obtaining a nodal impedance matrix. Some 
important relations are given: 

If all the line currents in a system are known, the node currents can be found as well 
using the relation below, which is the matrix formulation of Kirchhoff’s node law [63]: 

L
t

N IAI =       (3.3.3.1) 

IN and IL are vectors holding the node and line currents respectively. The matrix A is 
called the incidence matrix of a directed graph. The definition of A is given in appendix 
A. It is a very simple topological matrix which describes which lines are connected to 
which nodes. It also keeps the orientation of the lines. Note that the matrix A often is 
defined as the transpose of the present definition, see e.g. [6,96]. However, the definition 
adopted here, which is described in appendix A, is in accordance with [58,63,89]. 

It is only possible to go from the node currents to the line currents if the number of 
nodes and the number of lines are the same when we do not consider the grounded refer-
ence node. In such cases A and thus At will be square, non-singular and thus it can be 
inverted. This is only the case when the network in question constitutes a grounded tree. 

A similar relation exists for the voltages, though we are now going from node to line 
values [63]. It is fundamentally the matrix formulation of Kirchhoff’s mesh law: 

NL UAU =                                (3.3.3.2) 

Again, the reverse process is only possible when A can be inverted. It can now be real-
ized that the nodal admittance matrix can be written [63]: 

AYAY t
nodal =                               (3.3.3.3) 

It relates the node currents to the node voltages, whereas Y relates the line currents to 
the line voltages. As equation (3.3.3.4) represents Ohm’s law in admittance formulation it 
is denoted the primitive admittance matrix in accordance with [63]. 

LL UYI =                                (3.3.3.4) 

NnodalN UYI =                               (3.3.3.5) 

Y is called the primitive admittance matrix and can in general be found through inver-
sion of the primitive impedance matrix Z which keeps all line impedances and mutual 
impedances. Z is in general frequency dependent so it must be computed for each fre-
quency. If no mutual impedances are present, it is possible to set up Ynodal by the inspec-
tion method [58,63]. This is a consequence of the fact that Z is diagonal in the absence of 
mutual impedance. 

 

A common method for transformers 

As an alternative, if only a part of the network contains mutual impedance, only the 
nodal admittance matrix needs to be found with the At

 Y A approach. Subsequently the 
remaining part can be set up by the inspection method and finally the two nodal admit-
tance matrices can be added. This method is commonly utilized in high frequency trans-
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former modelling [6,16,57,80]. It is briefly repeated here as it is the applied lumped circuit 
approach of this thesis: 

The most common approach is to first compute the nodal admittance matrix of the in-
ductive and resistive lines only with the At

 Y A approach. Let’s denote the corresponding 
primitive admittance matrix YRL = (ZRL)-1. Parallel to this, the nodal capacitance matrix 
Cnodal can be constructed by the inspection method [58,63]. The capacitance values can 
then be converted to admittance by multiplying Cnodal by j⋅ω. The resulting primitive ad-
mittance matrix of the capacitive network can then be added to the nodal admittance ma-
trix in order to obtain the admittance matrix of the full system. The same procedure can be 
used for the conductances if they are not included in the capacitance matrix: 

GCAZAYYY +⋅+=+= −
nodal

1
RL

t
CG,nodalRL,nodalnodal ωj                             (3.3.3.6) 

Examples can be found in [6,16,57,58,63,80]. 

 

3.3.4 The nodal impedance matrix of an MTL 
The analogy between the MTL and the lumped element approach 

A system of parallel conductors can be regarded as a multiconductor transmission line. 
If the assumptions discussed in section 3.3.2 are fulfilled, the transmission line can be 
treated with multiconductor transmission line (MTL) theory. Lumped elements can be 
used to approximate multiconductor transmission lines up to any finite frequency if a 
sufficient amount of lumped circuits are applied [36]. Thus the nodal admittance matrix 
must necessarily exist for an MTL for any frequency1. 

Unfortunately the simple approach from lumped element circuits cannot be applied as 
there is no such thing as a primitive admittance matrix for a system consisting of transmis-
sion lines. However, a very similar approach has been developed for the present thesis: 

For lumped element circuits the classical formula for the nodal admittance matrix is: 

AYAY t
lumped,nodal =      (3.3.4.1) 

Similar to this the nodal admittance matrix for an MTL can be found as: 

HYHY oc
t

MTL,nodal =                               (3.3.4.2) 

Here the novel topological matrix H is introduced with simplicity in the range of the 
matrix A. As with any mathematical problem the mathematics can always be carried out 
without using matrix algebra but for simplicity as well as for efficient implementation on 
a pc, the matrix notation is valuable. Before explaining the relation between the matrix H 
and the network topology, the matrix Yoc must be presented. 

 
                                                           
1 For lossless transmission lines there are resonance frequencies where the nodal impedance and 

nodal admittance matrix do not exist [36]. However all real systems contain losses and for trans-
former modelling losses cannot be ignored. 
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The open circuit admittance matrix of an MTL 

Consider first an MTL unconnected at both ends. This is illustrated in the following 
figure. Mutual inductance and capacitance is present between all conductors in the general 
case, so there is no need to depict them in the following figure, as this would make the 
figure more confusing. 

Sending end Receiving end

1

2

N

N+1

N+2

2 N
 

Figure 3.3.4.1: Illustration of an unconnected Multiconductor transmission line with N+1 conduc-
tors. The return conductor (ground) is not shown. The numbering refers to the corresponding rows 

and columns in Yoc. 

 

The nodal admittance matrix of an unconnected transmission line is denoted Yoc. The 
letters ‘oc’ are short for the open circuit condition at both ends. The order of the nodes is 
illustrated in figure 3.3.4.1. 

The topological matrix H holds information on which nodes has to be short circuited 
in order to compute Ynodal from Yoc. 

Yoc can be computed for each frequency with the formula [79]2: 
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The R, L, C and G matrices contain the line parameters. In MTL theory it is common 
to apply the per unit length parameters but here the total line parameters are applied. Ex-
cept from that the matrices are defined in accordance with standard multiconductor trans-
mission line theory [36]. Note that he R and L matrix are identical to those of the primi-
tive lumped system without capacitance: 

LRZ ωjRL ⋅+=                                (3.3.4.4) 

Similarly the matrix C is identical to Cnodal for the lumped capacitive network of an 
open circuited N-conductor transmission line approximation consisting of a single T- or 
Γ-section per conductor. However, this time the rows and columns correspond to lines 

                                                           
2 The submatrices T1 and T2 are clearly defined from the rightmost equation, as they 

are quadratic matrices of equal size. Note that the matrix exponential ex is applied and not the 
normal exponential function ex which computes the exponential function to each element. Care 
should be taken when implementing such formulas in MATLAB and similar, as the result will be 
different. Commonly the functions are named “expm” and “exp” respectively. 



 

 

 

 

34 - Theory - Chapter 3 

 

instead of nodes. The close relationship between the parameter matrices of lumped and 
distributed models will be utilized in later chapters. 

The formula given in (3.3.4.3) is the most elegant formula of Yoc but for more efficient 
computation a more elaborate formula is applied, which operates on matrices of half the 
size. This issue is discussed in the section called “Mathematical foundation of MTL the-
ory” following the upcoming section on the definition of the matrix H. 

 

The short circuit matrix H 

Having found the open circuit matrix Yoc, any set of nodes can be merged into a single 
node, resulting in a smaller nodal admittance matrix. The dimensions of matrix H must 
thus have 2⋅N rows, i.e. twice the number of transmission lines when ground is not 
counted in, and m columns, m being the number of nodes after merging. 

It is a well known result that two nodes can be merged by adding the corresponding 
rows and columns of the nodal admittance matrix. As the two nodes have become identi-
cal, one row and one column can then be removed. More generally, if k nodes are merged, 
k rows and k columns should be added and k-1 rows and columns should be removed 
subsequently. In the special case of a grounded node the corresponding row and column 
can be removed right away. These results are well known and a consequence of the fact 
that admittances in parallel can be added. What is needed now is a topological matrix, 
which does this job. 

It was found that each of the m columns of H, representing one final node each, should 
hold the value 1 for each original node it consists of. Remaining entries in the matrix 
equal zero. This was the general definition of H but an example will make it clearer. Note 
that the short circuiting matrix H can be applied on any nodal admittance matrix where 
nodes are merged and as such it has nothing to do with MTL theory. 

 

Examples of H matrices 

Imagine the system of conductors shown in the figure below. It is shown before and 
after short circuiting. Before short circuiting the number of nodes is 2⋅N=6. After short 
circuiting the number of nodes is m=4. 

1 4

2 5

3 6

1

2

3

4  
Figure 3.3.4.2: Conductor system before (N nodes) and after (m nodes) short circuiting. 

 

The corresponding H matrix is: 



 

 

 

 

Chapter 3 - Theory - 35 

 

 1 2 3 4 

1 1 0 0 0 

2 0 1 0 0 

H:      3 0 0 1 0 

4 0 1 0 0 

5 0 0 1 0 

6 0 0 0 1 

Figure 3.3.4.3: H-matrix for the system above. 

 

 

If instead node 1-3 are merged, node 4 and 5 are merged and node 6 grounded, the ma-
trix H becomes:  

 1 2 

1 1 0 

2 1 0 

H:      3 1 0 

4 0 1 

5 0 1 

6 0 0 

Figure 3.3.4.4: H matrix with node 1-3 merged, node 4 and 5 merged and node 6 grounded. 

 

A natural question to ask is whether the use of the H matrix is worth the effort as the 
corresponding rows and columns simply could be added. For large systems the answer is 
definitely yes. 

First of all the matrix H is simple and matrix multiplication is much easier to apply in 
mathematical programming languages such as MATLAB than to program a loop which 
short circuit nodes by adding the appropriate rows and columns, keeping track of tempo-
rary node numbers etc. 

Secondly matrix multiplication is much more efficient, especially as the H matrix is 
sparse. This is important when the computation has to be done for each frequency. The H 
matrix does only have to be computed once. A comparison was carried out in MATLAB. 
A routine was written which added rows and columns and removed redundant rows and 
columns subsequently. The computational speed was compared to that of the H matrix 
approach. The test topology was that of a standard winding. The following results were 
obtained: 
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Figure 3.3.4.5: Ratio of time consumption for the programmed loop method and the short circuiting 

matrix H. The number of nodes corresponds to the number of nodes after the open circuit system 
had been short circuited. The test topology was that of a standard winding consisting of N series 

connected turns. The last turn was grounded. 

 

With a system of 1700 turns the matrix approach was approximately 250 times more 
efficient. To put it in perspective, for 1700 nodes and 10 frequencies it took 37 seconds 
using the matrix approach and 2 hours and 38 minutes with the more obvious loop 
method. For a wide band model it is usually necessary to have more than 100 frequency 
points, depending on the steepness of the resonance peaks and the frequency band of the 
model. Thus, the time consumption of the loop method is significant. 

 

Mathematical foundation of MTL theory 

The electromagnetic properties of the MTL in figure 3.3.4.1 can be described by the 
telegrapher’s equations [76]: 
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Here, V and I are voltage and current vectors respectively. They are functions of time t 
and the distance to the sending end x. The matrices R’, L’, C’ and G’ hold the parameters 
of the lines per unit length.  

From these equations it can be seen, that the telegrapher’s equations actually are the 
infinitesimal version of the similar lumped circuit equations. The first equation describes 
the voltage drop over each infinitesimal series connection of resistance and inductance 
including the induced voltage drop caused by currents in other conductors. The second 
equation describes the change in current along the line due to the displacement current 
caused by conductance and capacitance to other conductors. Thus it can be realized that 
the sum of currents in a cross section of an MTL, including the reference conductor cur-
rent, at any time equals zero. This is not the case for antenna currents [36] which is why 
antenna currents are not covered by the standard MTL theory. 
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Note that inductive and capacitive couplings only are present between infinitesimal 
conductor elements with the same distance x to the sending end. A logical consequence is 
that the distance between the conductors must be small so that couplings to conductor 
elements at the same distance x dominates. Otherwise the assumption would not provide a 
good approximation. Note also from the equations that changes in current and voltage in 
one conductor immediately influence voltage and currents in other conductors. Thus there 
is no time delay in the field disturbances perpendicular to the motion of the travelling 
wave. This type of wave propagation is usually denoted transverse electromagnetic wave 
propagation (TEM) and is the core assumption of any MTL model. 

 

The corresponding Laplace domain description is [75]: 
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Most solutions to this equation are based on assumptions such as homogeneous media 
[36], lossless conductors [36,78], restrictions on symmetry [73] and so. For all these spe-
cial cases the matrix product ( )( )'s''s' CGLR ++  can be diagonalized using specialized 
techniques in order to find the eigenvalues of this matrix. In the general case numerical 
matrix algorithms must be applied but one cannot be assured that the diagonalization is 
numerical stable [36]. This can explain why meaningless results were obtained when the 
eigenvalue-based transmission line stencil [44,75,76] was applied for the transformer 
model of the present thesis. 

 

The matrix exponential stencil for computing the chain parameter matrix 

A numerical stable approach which does not require that the eigenvalues are found is 
the use matrix exponential stencil [36,75-77]. It is applied to find the chain parameter 
matrix Φ which relates terminal voltages and terminal currents in the sending end to those 
in the receiving end: 
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As in the case of the two-conductor transmission line, the chain parameter matrices of 
cascaded multiconductor transmission lines can be added to obtain the total chain parame-
ter matrix of the series connected MTL’s. 

The chain parameter matrix can in the general case be found using the matrix expo-
nential stencil [75-77]: 
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As the length d of the MTL is multiplied with the per unit length parameters, the total 
line parameters may be applied instead. This step is practical in situations when the total 
line parameters are readily available, especially for curved MTL conductors where the 
conductors have different lengths. The corresponding formula is thus: 
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Subsequently the nodal admittance matrix of the open circuited MTL can be found as: 
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Alternative efficient formulation 

The transformer model of this thesis contains 1682 turns. The matrix exponential sten-
cil described above resulted in a computation time of 85 minutes when computing Yoc. As 
the computation had to be carried out for each frequency the time consumption is prob-
lematic. Further more it was necessary to do the computation on a 64-bit pc do to memory 
limitations on the 32-bit pc. 

The following formulation does the same job in 32 minutes corresponding to a reduc-
tion in time consumption of 63% and it could be carried out on a 32 bit pc, which demon-
strates that the approach is memory efficient too. The reason for this is that the following 
system of equations at all times work with N-by-N matrices whereas the matrix exponen-
tial stencil computed the matrix exponent of a 2⋅N-by-2⋅N matrix. 

It should be noted that the computation times mentioned here refer to a clock speed of 
1200 MHz and thus new fast CPU’s could do the job about three times faster. 

The efficient way of computing Yoc was found in [81]. In this paper an expression was 
given for Yoc. This expression is quite troublesome to handle compared to the expression 
which is given below. The reason for this is that the authors of [81] needed to complicate 
the expression further in order to include frequency dependent effects in a time domain 
simulation. In appendix B the step from [81] to the result below is explained in more de-
tail. The resulting formula for the efficient computation of Yoc is: 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

−−

−−

1
1

02
1

0

2
1

01
1

0
oc

WWWW

WWWW
Y                             (3.3.4.13) 

 

Here the submatrices W0, W1 and W2 can be found as: 
2
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Here U is an N-by-N unit matrix. Q, sometimes called the propagation operator [82], 
and the characteristic admittance matrix Yc can be found as: 

ΓeQ −=                              (3.3.4.17) 

)s(1 CGΓYc −= −                             (3.3.4.18) 

The total propagation matrix Γ is found from the following expression by applying the 
matrix square root3: 

)s()s(2 LRCGΓ ++=                             (3.3.4.19) 

Though it may seem troublesome to apply this set of equations, the user will get 
through if (3.3.4.19-13) are entered correctly in e.g. MATLAB. 

3.4 Chapter summary 
This chapter discussed the reason for nonlinear voltage distributions in transformers 

which fundamentally is due to non-uniform current distribution along the winding caused 
by currents leaving the winding through distributed capacitance. As the transformer con-
sists of both capacitance and inductance there will be resonance frequencies. It was found 
that the internal resonances can be interpreted as standing waves. For a grounded coil the 
standing waves are half waves and for floating coils they are quarter waves. This is due to 
the reflection coefficients of values -1 and 1 respectively. For a real power transformer the 
interpretation may be more complicated though due to several discontinuities. 

Based on MTL theory it was derived that the resonance frequency is determined by the 
leakage inductance and the capacitances. Thus the magnetizing inductance and self induc-
tance do not influence the resonance frequency as long as the leakage inductance is kept 
constant. The derivation was only carried out for a winding of two turns. 

Formulas were presented for efficient computation of nodal admittance matrices for 
lumped systems as well as for an MTL. A novel topological matrix H, denoted the short 
circuiting matrix, was introduced in order to simplify and speed up the analysis. The ap-
proach was analogue to that of lumped systems. 

                                                           
3 When using mathematical programming languages such as MATLAB it is important to re-

member to apply the matrix square root “sqrtm” instead of “sqrt”. The same goes for the matrix 
exponential “expm” instead of “exp”. 
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Chapter 4  

Modelling approach 
4.1 Preferred model specifications 

The applied modelling approach was selected in accordance with the initial focus: 

- Dry type transformers 

- Internal voltage distribution 

- High frequencies 

Most if not all of the modelling techniques of this thesis can be applied right away on 
oil transformers but focus has been on dry type transformers. The internal voltage distri-
bution provides the voltages necessary for computing the electrical fields under the expo-
sure of electrical transients and the band width of the model should include high frequen-
cies. 

With respect to model verification 5 MHz was regarded as a reasonable upper fre-
quency limit, and equipment was purchased with this in mind. However, the model or 
many of the modelling techniques could be reasonable at higher frequencies, which may 
be examined in future works. 

As the high frequencies were in focus a linear model was preferred. A linear model re-
quires less computing power than a nonlinear model and thus it is possible to make a more 
detailed model which is necessary in order to model the high frequency behaviour. 

As the internal voltage distribution is in focus most of the work has concerned the in-
ternal behaviour of the model. The external behaviour does of course influence on the 
terminal voltages and thus indirectly on the internal voltage distribution. Thus some 
thought has been given to the external behaviour and how a model can include accurate 
external and internal models simultaneously. 

More over a transformer model must be flexible and easy to use. Ideally it can be con-
structed quickly from construction data. Fast model construction is however not possible 
for high frequency models as this thesis will show, though it depends some on the level of 
detail. 

The preferred flexibility of the model is illustrated in the following figure: 
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Figure 4.1.1: Example of the preferred capabilities of a transformer model. It is preferred that a 

developed model can be integrated in common software for transient simulation of power systems 
and that it models the internal as well as the external behaviour well. The screenshot is taken from 

SimPowerSystems, Matlab release 14. 

 

The model should be easy to use once it has been developed. Thus the transformer 
block should have terminals to which external blocks can connect and outputs which pro-
vide the internal voltages and currents of interest. In this way it can be included in e.g. the 
simulation of a complete wind turbine plant for insulation coordination studies. 

4.2 Modelling approach - overview 

4.2.1 Core influence on internal and external response 
Several references mention that the core can be ignored at higher frequencies [38,90-

93] and thus computations where from scratch carried out without considering the core, 
except during capacitance calculations where it was modelled as a grounded structure. 
The low voltage winding was treated in the same fashion, though only few references [8] 
assume that the low voltage winding can be treated as ground. 

The first computations on a grounded disc foil winding showed good results with re-
spect to voltage distribution when comparing a coreless model to measurements on a 
transformer with core [16]. However, the input impedance of the model deviated signifi-
cantly from the measurements up to around 60 kHz. Thus it seemed as if the internal volt-
age response could be computed with reasonable accuracy without knowledge of the core 
permeability, whereas the terminal behaviour was highly dependent on the core perme-
ability and core geometry. Simple inclusion of permeability in the model improved the  
modelling of the input impedance somewhat and can be used for understanding the trans-
former better. However, black box terminal models can provide significantly better termi-
nal response. 

It was thus decided to propose a black box terminal model for computing the interac-
tion between the transformer and surroundings whereas the detailed transformer model 
should provide the critical internal voltages and thus the potentially dangerous parts of the 
transformer. Lately the construction of linear black box terminal models of transformers 
has been described thoroughly [1-3]. The methodology applied in these papers is based on 
vector fitting [9] and seems to provide a highly accurate wide band transformer model. 
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The methodology takes to some extend the measurement equipment into account, which is 
necessary as the probes will influence on the measured response at high frequencies. 

The resulting terminal model provides the 50 Hz steady state response as well as the 
high frequency transients with good accuracy. This combination is often important, as 
many simulations requires that the model is initialized at the fundamental frequency be-
fore high frequency transients are simulated. Any frequency band in between the funda-
mental frequency and the high frequencies of interest can be neglected or given less 
weight to provide a more efficient model. It must be mentioned that the model is linear 
and thus nonlinear effects such as ferroresonance cannot be modelled.  

As state space representation of black box terminal models in recent papers [1-3] have 
been demonstrated to provide very high accuracy for high frequency transients, it was 
decided not to focus on the accuracy of such models. However, considerations of the 
implementation resulted in the following SimPowerSystems model shown below: 

 

 
Figure 4.2.1.1: Implementation of state space transformer model in SimPowerSystems. 

 

Underneath the mask the transformer model looks as follows: 
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Figure 4.2.1.2: Model from previous figure beneath mask. 
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Fundamentally the model was constructed as follows: 

- Measure the impedance matrix for several frequencies. 

- Fit a state space model to the frequency dependent impedance matrix using vector 
fitting [9,88]. 

- Passivity enforce state space model. 

- Pass the state space matrices A, B, C and D to the state space block in figure 
4.2.1.2. 

To understand what is going on in figure 4.2.1.2 it must be understood that a nodal 
impedance matrix provides the terminal voltages as a function of the terminal currents for 
a given frequency. The obtained state space model from a vector fit on the impedance 
matrix thus provides the terminal voltages as a function of the terminal currents in the 
time domain1. In the model currents are “measured” at the terminals and passed on to the 
state space model which then provides the terminal voltages controlling the controlled 
voltage sources connected between terminal and reference. 

For simplicity the nodal impedance matrix was measured, as the model here only 
serves as a demonstration of the implementation. If a nodal admittance matrix is measured 
instead, terminal voltages becomes input and terminal currents becomes output. Thus in 
figure 4.2.1.2 the current measurements should be replaced with voltage measurements 
and the controlled voltage sources should be replaced with controlled current sources. In 
theory, hybrid matrices, i.e. matrices containing a combination of impedance and admit-
tance, can be applied as well. Often the nodal admittance matrix will be advantageous as it 
behaves much more linear than the nodal impedance matrix. Thus the vector fit is likely to 
be better and it is less likely that the measured immittance2 matrix data will be severely 
non-passive. However, as pointed out in [1] the accuracy of a pure admittance approach 
resulted in large errors under some terminal conditions. Thus Gustavsen [1] combined the 
measurements of the admittance matrix with measurements of voltage ratios under open 
circuit conditions to correct the admittance matrix. This improved the model accuracy 
considerably, indicating that inaccurate models mainly are caused by measurement errors 
and not fitting errors. Thus it is recommended to follow the approach of [1] for obtaining 
an accurate state space model. 

Due to measurement errors and fitting errors the model may be non-passive which can 
result in unstable time domain simulations. Thus passivity was first enforced in the fitting 
range using the freeware MATLAB program QPpassive [52, 110]. Subsequently global 
passivity was enforced with a commercial program [124] as the model should be applied 
in an MSc thesis [121] with ideal breakers in a continuous simulation3. 

                                                           
1 Actually a state space model can provide the frequency domain response too as shown in chap-

ter 3. 
2 Immittance matrix: General term for impedance matrices, admittance matrices and hybrids. 
3 Ideal breakers in a continuous time simulation produces frequency components outside the 

frequency range of the model and thus it was necessary to enforce passivity at all frequencies. 
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The model is only meant as a demonstration on how a black box terminal model can 
be implemented in SimPowerSystems so that it can easily be merged with an internal 
model to produce a user-friendly transformer block such as the model shown in figure 
4.1.1. The merging of the internal and external model is illustrated below: 

 

 
Figure 4.2.1.3: Transformer model from figure 4.2.1-4.2.2 merged with internal model to produce a 

user-friendly transformer block (mask). 

 

The only necessary modification from figure 4.2.1-4.2.2 was the insertion of an addi-
tional state space block and renaming of the outputs. 

 

4.2.2 Fundamentals of the internal model 
Overview 

As discussed in chapter 1, it was decided to make the transformer model linear. As 
high frequencies were of main interest it was decided to go as high up in frequency as 
possible. This requires a very high level of detail and thus it is not possible to include the 
complete model in a time domain simulation tool. It was thus decided to work in the fre-
quency domain. Subsequently time domain simulations can be carried out with reduced 
order models. 

The model response was initially computed using lumped parameters. Later the dis-
tributed nature of the parameters was taken into account using multiconductor transmis-
sion line (MTL) theory as all turns are coupled. 

When uniform parallel conductors are regarded as transmission lines, an MTL model 
will have a higher bandwidth than a lumped element model which is a discrete approxima-
tion to an MTL model. However, for MTL models with resolutions coarser than one trans-
mission line per turn the model will in general have a smaller bandwidth than a lumped 
element model with turn resolution as the core assumptions of MTL theory are not ful-
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filled. Still the MTL model may be more accurate in the valid frequency range due to the 
distributed parameters. 

As discussed in chapter 3, one of the core assumptions of MTL theory is that all model 
segments are in parallel. Thus an MTL model on a turn basis seems to fulfil this require-
ment well. It was thus decided to make a lumped element model and an MTL model, both 
with turn resolution. The lumped element model is thus an approximation to the MTL 
model. 

 

Equivalent circuit 

The fundamental equivalent circuit of the models is discussed from the following fig-
ure which shows a lumped element model for three turns before the nodes are connected: 

 

         
        Π-model                                                             Γ-model  

Figure 4.2.2.1: Equivalent circuit showing the fundamentals of the model for three turns. Each 
turn is represented by resistance and self inductance. There is mutual inductance and capacitive 
couplings between all turns. In addition there is also capacitance to ground from each turn (not 

shown). The lumping of the capacitance is shown for a Π-model and a Γ-model. For an MTL model 
all parameters are distributed evenly along the turns. 

 

The above figure shows the lumped elements model when the capacitance has been 
lumped as in a Π-equivalent and a Γ-equivalent respectively. For the MTL model the 
capacitances are not lumped but distributed along the turn. 

Note that the capacitance values of the Π-model are half the values of a Γ-model as the 
capacitances have been split into two. By shifting the capacitances of the Γ-model from 
left to right a reverse Γ-model is obtained instead, which fundamentally is the same as a 
Γ-model. A T-model is somehow different in that it contains three nodes per T-equivalent. 
All three lumping methods are investigated and compared with an MTL model. MTL as 
well as the Π, Γ and T-equivalents are described more thoroughly in chapter 3. 

 



 

 

 

 

48 Modelling approach Chapter 4 

 

A note on the T-equivalent 

As the T-equivalent has a different number of nodes than the Π and Γ-equivalent, it 
may be discussed what is meant by turn resolution: Is it a single T-equivalent per turn or 
is it one node per turn? In order to make the comparison between the T-, Π- and Γ-
equivalent useful the time consumption of computing each model should be kept ap-
proximately constant. The time consumption of computing the voltage response in the 
lumped models is mainly caused by the inversion of the primitive impedance matrix Z and 
the inversion of the nodal admittance matrix Ynodal. As conductors in parallel are not so 
common in transformers, the turns are for this discussion considered to be series con-
nected. Thus the number of line segments and the number of nodes is approximately the 
same. As a consequence Z and Ynodal will approximately have the same dimensions, i.e. 
the number of rows and columns are approximately equal to the number of nodes4. 

As the time consumption of inverting a matrix is proportional to the numbers of rows 
(or columns) cubed, the number of nodes in the T-, Π- and Γ-models should thus ap-
proximately be the same in order to make a useful comparison. Apparently the T-model 
should thus be restricted to one T-equivalent every two turns as a T-model with a T-
equivalent per turn  has nodes at the end of turns as well as at the centre of a turn. How-
ever, internal nodes are only needed if capacitance is present at the node, otherwise the 
two segments meeting at the node can be merged into a single segment to annihilate a 
node. Thus, by annihilating the nodes where T-equivalents are connected in the T-model, 
the number of nodes is halved. Thus the T-model may contain one T-equivalent per turn 
and still have the same number of nodes as the Π-model (approximately5). Thus each 
conductor segment in the model is constituted by two series connected half turns stem-
ming from two adjacent turns. The equivalent circuit is illustrated below: 

 
Figure 4.2.2.2: Equivalent circuit when applying the T-equivalent. 

                                                           
4 Grounded nodes do not have a corresponding row and column in Ynodal. Thus the exact number 

of rows and columns in Ynodal depends on the number of grounded nodes. 
5 The number of nodes in such a T-model will have one node at the centre of every turn in addi-

tion to the two terminal nodes, i.e. N+2 nodes. In comparison a Π-model will have N+1 nodes. 
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4.2.3 Connecting the nodes 
In figure 4.2.2.1-2 the turns (line segments) have not yet been connected. The connec-

tion of turns may be handled by the topological matrices A for a lumped model and H for 
an MTL model. The application of these matrices is described more thoroughly in chapter 
3. In this way arbitrary connections can easily be handled. 

4.2.4 From Circuit Description to Model Response 
The underlying circuit description has just been explained. This section explains 

briefly how the model response can be obtained from the circuit description. An overview 
is given in the following figure: 

Compute model response
for discrete set of

frequencies

Start

Fit state space model to
computed frequency

response

Implement state space
model and run simulation

 
Figure 4.2.4.1: Diagram showing the steps from circuit description to final simulation. 

The fitting of the state space model is carried out using the recently improved vector 
fitting algorithm [88] and the time domain simulation is carried out in Simulink which can 
handle state space models. The first step is explained more thoroughly below. 

4.2.5 Obtaining the frequency response 
An approach was chosen, which provides a great deal of analogy between the lumped 

elements model and the MTL model. A diagram which shows the fundamentals of the 
modelling process is shown below. It holds for both the lumped elements model and the 
MTL model. 
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Compute R L C G

Start

Compute nodal admittance matrix
A YA (lumped) or H Yoc H (MTL)

Compute nodal impedance matrix
by inversion

Last frequency?

yes

no

Compute transfer
functions

t t

 
Figure 4.2.5.1: Diagram showing the fundamentals of obtaining the frequency response. 

 

The diagram above shows the fundamental frequency loop for computing the internal 
response. For each frequency the nodal impedance matrix is computed. If necessary the 
parameter matrices R, L, C and G will be updated each time. It is shown later in this 
chapter how these parameter matrices are obtained. 

The nodal admittance matrix equals At
 Y A for a lumped elements model. The topology 

of the turn connections is contained in the incidence matrix A. However, the formula was 
only applied for the inductive and resistive part of the lumped circuit. Subsequently the 
nodal admittance matrix of the capacitive system can be set up by the inspection method 
and added to the nodal admittance matrix as described in chapter 3. This approach is the 
most simple. Further more there is a very simple relation between the capacitance matrix 
C of the MTL model and the nodal capacitance matrix Cnodal of the lumped model6: Cnodal 
equals C. Similar rather simple relations exists when the elements are lumped in accor-
dance with a Π- and a T-section. 

                                                           
6 The relation described here, assumes that there are no parallel connections in the transformer 

so that the number of nodes and lines are the same. 
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For the MTL model the nodal admittance matrix is computed with a method developed 
for this thesis, which is analogue to the method for lumped elements. Similar to the At

 Y A 
approach for a lumped system, the nodal admittance matrix of an MTL can be written 
HtYocH. It is hoped that this analogy will make transmission line models more easily 
applicable in the general case, as the MTL transformer models found in the literature 
[7,19,40-44,97-99] are only applied on simple winding structures without tap settings, 
without interleaved windings, ignoring the low voltage winding etc. The computation of 
the nodal admittance matrix is described more thoroughly in chapter 3. 

The time consumption of MTL models are significantly more time consuming. For 
1682 turns the time consumption on a 32-bit 2800 MHz Intel Pentium 4 was approxi-
mately 13 seconds per frequency with a lumped elements model and 13 minutes with an 
MTL model. Thus the MTL model is approximately 60 times slower and should only be 
applied at frequencies where the lumped element models are not sufficient. 

4.2.6 From nodal admittance matrix to frequency response 
The nodal impedance matrix can simply be found by inverting the nodal admittance 

matrix. The nodal impedance matrix has a very direct relationship to the internal voltage 
distribution. This relationship is explained more thoroughly in this section. 

The transformer may be connected to external components at several nodes. These 
nodes are denoted terminals. The number of terminals is denoted T and the total number 
of nodes is denoted n. It is here assumed that the terminal nodes have been placed first in 
the matrix. The user can rearrange the order of the nodes in order to fulfil this assumption. 
This is not necessary but this step will make the graphical appearance of the figures below 
more simple. 

The nodal impedance matrix provides the following relation: 
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Figure 4.2.6.1: The nodal impedance matrix relates the node voltages to the node currents. Here, 

the matrices have been divided into a terminal part (coloured) and a non-terminal part. 

 

As currents can only be injected into the transformer at the terminals, only the T first 
currents are different from zero. Thus the equation system can be reduced: 
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Figure 4.2.6.2: The nodal impedance matrix can be reduced, as (n-T) currents equal zero. Thus 

only T columns need to be stored. 

 

For each frequency the T columns of the nodal impedance matrix, related to the T ter-
minal currents, should be stored. To put it in perspective: A Y-coupled transformer has 
only one terminal per winding. In that case only a single column should be stored per 
winding for each frequency. This is a significant reduction compared to the complete 
nodal impedance matrix which may contain several thousand of columns. The transformer 
used for verification in this thesis contains approximately 1700 turns and thus approxi-
mately 1700 nodes. Storing all columns for each frequency would thus take up 1700 times 
more memory/hard disc space than storing a single column. 

If the model contains two or more terminals, all terminal columns must be stored. If 
the model should be verified experimentally and if the verification should take the probe 
capacitances into account, the diagonal should be stored too. The issue of probe capaci-
tance is dealt with later. 

The matrix equation of figure 4.2.6.2 provides the voltage distribution if the terminal 
currents are known. If instead the terminal voltages are known, the following approach is 
applied in the general multi-terminal case: 
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Figure 4.2.6.3: The transfer function matrix providing the voltage distribution from the terminal 

currents can be computed from the elements of the nodal impedance matrix. 

 

Written as a formula the voltage distribution can be found as: 

TT
1

term,nodalnodaln UKUZZU == −     (4.2.6.1) 
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In the specific case of a single terminal Znodal,term simply equals Z11. In that case the 
transfer function for any node k can simply be written: 

K(k) = Uk / U1 = Zk,1/ Z1,1    (4.2.6.2) 

 

Thus when only one terminal is present in the model, which is the case for a Y-
connected winding when the low voltage winding can be ignored or during no-load, the 
transfer function is simply the ratio between two elements of the nodal impedance matrix.  

From figure 4.2.6.3 and equation (4.2.6.1) the classical principle of superposition [96] 
can be derived: The voltage distribution in a multi-terminal circuit is the sum of T voltage 
distributions; one for each terminal when the remaining terminals are grounded. However, 
it is much more efficient to apply equation (4.2.6.1) than to compute T voltage distribu-
tions from scratch and sum them. The latter approach has a time consumption T times 
greater than the time consumption of equation (4.2.6.1). 

An example of a situation where several terminals are present could be the modelling 
of a transformer limb where the high voltage side is ∆-connected and the low voltage side 
is Z-connected. In this case four terminals are present in the model. The external model 
provides all four terminal voltages and equation 4.2.6.1 can then be applied to provide the 
internal voltages. In chapter 7 the experiment on a ∆-connected transformer verifies the 
procedure for a two-terminal model. 

4.2.7 Accounting for probe capacitance 
During experimental verification of a model, the setup will necessarily influence on 

the model response. At low frequencies this effect will be negligible but as the frequency 
increases, the probe admittance increases too. Thus the influence of the probe increases 
with increasing frequency. The probe position is necessarily an important factor too. 
Imagine for instance that the transformer is excited at the first internal resonance fre-
quency where a standing half wave is present in the winding. Thus the voltage has a 
maximum approximately at the centre of the winding. If the probe can be modelled as a 
simple capacitance to ground, the current leaving the transformer through the capacitance 
is proportional to the voltage at the tip of the probe. Thus the influence of the probe is 
more significant if it is positioned at points with maximum voltage amplification. 

As an example, the voltage response around the first resonance frequency of the ABB 
transformer (more information on this transformer in chapter 6) is shown in figure 4.2.7.1: 
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Figure 4.2.7.1: Internal voltage amplification of terminal voltage expressed by colour for different 
turn numbers and frequencies. The figure is from [16]. Interpolation was carried out between meas-
urement points. This is the first internal resonance in the frequency response and thus it corresponds 

to a standing half wave inside the winding. 

 

From the figure above it can be seen that, in contrast to the model, the measured reso-
nance frequencies depend on the node number in question. An explanation for this behav-
iour is given below. 

Resonance frequencies (poles) in a linear frequency independent system are common 
for all nodes, though pole cancelling may occur under specific circumstances [96]. Thus if 
a resonance frequency can be seen at two different nodes, the resonance frequency is the 
same for both nodes. However, when measurements are carried out on a system, the probe 
is moved from one node to another. Thus the system has been changed and the resonance 
frequency is changed too. As previously mentioned, the influence of the probe is expected 
to be most severe where the voltage peaks. This explains why the resonance frequency in 
the measurement is smallest around the centre of the winding (turn 841). 

Thus besides disturbing the measured frequency response at high frequencies, the 
probes may also influence significantly around the resonance frequencies. This distur-
bance cannot be avoided and thus the probe capacitance must be accounted for when 
comparing measurements and model at high frequencies. Fundamentally this can be done 
in two different ways. One way is to adjust the measurements for the probe capacitance. 
Another way is to include the probe in the model. The latter approach is selected in this 
thesis, so the measured responses can be presented without manipulation. However, both 
methods can be carried out as post processing steps as shown in the following, so that the 
rather lengthy computation of the model does not have to be carried out for each meas-
urement outlet. 

The simplest way of including the probe in the model is to add the additional admit-
tance to ground at the corresponding node in the admittance matrix. A drawback of this 
method is, that a new transformer model has to be computed for each probe position 
which is time consuming. The most flexible method is to realize that the probe acts as an 
additional terminal in the model. Thus a multi-terminal Thevenin equivalent of the trans-
former can be computed for each frequency to allow for arbitrary probe models. 
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In this thesis verification is carried for a grounded high voltage winding excited at 
only one terminal. In addition it seems reasonable to model the probe as a simple capaci-
tance to ground. From the Thevenin approach corresponding formulas can thus be de-
rived. 

When a node with a probe is regarded as a terminal, two terminals are present. This is 
illustrated below: 
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Figure 4.2.7.2: Thevenin-equivalent of transformer seen from measurement node. Grounding im-

pedances are ignored. 

 

When a current Iterminal runs through Zterminal an EMF is induced in Znode. This EMF re-
sults in a current Iprobe which can be written: 

probenode

terminalmutual
probe ZZ

IZ
I

+
⋅

=     (4.2.7.1) 

 

The voltage at the node is thus: 

probenode

terminalmutualprobe
probeprobenode ZZ

IZZ
IZU

+

⋅⋅
=⋅=    (4.2.7.2) 

 

The terminal voltage causing the current Iprobe can be written: 

mutualprobeterminalterminalterminal ZIIZU ⋅−⋅=    (4.2.7.3) 

 

The voltage transfer function from terminal to node can thus be written: 

( ) ( )mutualprobeterminalterminalprobenode

terminalmutualprobe

terminal

node
probe ZIIZZZ

IZZ
U
UH

⋅−⋅⋅+

⋅⋅
==   (4.2.7.4) 

c  



 

 

 

 

56 Modelling approach Chapter 4 

 

( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⋅

+
⋅

−⋅⋅+

⋅⋅
=

mutual
probenode

terminalmutual
terminalalminterprobenode

terminalmutualprobe
probe

Z
ZZ
IZIZZZ

IZZ
H   (4.2.7.5) 

c  

( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+
−⋅+

⋅
=

probenode

2
mutual

terminalprobenode

mutualprobe
probe

ZZ
ZZZZ

ZZ
H    (4.2.7.6) 

 

Keeping in mind from (4.2.6.2) that the transfer function without probe H can be writ-
ten: 

terminal

mutual

Z
Z

H =      (4.2.7.7) 

 

Insertion of this expression into the previous formula for Hprobe yields: 

( ) mutual
1

probenode

probe
probe ZHZZ

Z
H

−⋅+
=

−
    (4.2.7.8) 

 

Thus the transfer function including the probe impedance Hprobe has now been found, 
corresponding to including the probe in the model.  

Zprobe is the impedance of the probe, which of course has to be known. Zmutual is the 
element of the terminal column in the nodal impedance matrix, corresponding to the node 
in question. The terminal column is stored for each frequency so Zmutual should be readily 
available. Znode is the input impedance of the transformer without probe seen from the 
node in question. This impedance is sometimes denoted the driving point impedance for a 
node and can be found as the diagonal element of the nodal impedance matrix. Thus be-
sides the terminal columns the diagonal should be stored for each frequency too in order 
to account for a probe during measurements. The computation can be done for all transfer 
functions and frequencies simultaneously in MATLAB using element wise operations on 
arrays. The computation was carried out almost instantaneously. In contrast the simple 
method of including the probe in the capacitance matrix makes it necessary to compute 
the model from scratch for each measurement outlet. Thus it is certainly an advantage to 
account for probe capacitance as a post-processing step using equation (4.2.7.8). 

4.2.8 From frequency response to transient response 
When the frequency response has been obtained, vector fitting [9,88] is applied in or-

der to obtain a state space model for time domain simulations. Vector fitting is explained 
more thoroughly in chapter 2 in relation to existing black box modelling techniques. For 
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this purpose the transfer function K of equation (4.2.6.1) is approximated by a state space 
model of the form: 

DBAICK +−≈ −1)s()s(      (4.2.8.1) 

 

The improved vector fitting algorithm [88] is applied, as it provides improved pole re-
location properties and real valued A, B, C and D matrices. The E-term of the general 
formulation [9,88] is forced to zero in order to implement the state space model in Simu-
link. It may be chosen to fit each element or sets of elements with common poles to pro-
vide a faster state space model. This method gives a slightly higher deviation between K 
and the approximate state space model. More over more RAM is required to fit many 
matrix elements simultaneously. Nevertheless it was found that the use of common poles 
was preferred as the agreement between state space model and K was still excellent. 

Once the ABCD-representation has been obtained, the matrices are inserted in the state 
space model block of Simulink. The model can then be exposed to arbitrary time domain 
terminal voltages to provide the internal voltage response in the time domain. However, 
the model is only valid for the fitted frequency range. Thus the model should not be ex-
posed to rise times greater than 0.35/fmax as a rule of thumb [76,79]. 

 

                 
Figure 4.2.8.1: State space model with ramp input and scope for displaying internal voltages. 

 

0 10 20

x 10-5

-8

-6

-4

-2

0

2

V
ol

ta
ge

 [k
V

]

Time

Model at center tap
Terminal measurements

Figure 4.2.8.2: Example illustrating the approach (figure from [125]). A transformer model is ex-
posed to measured vacuum circuit breaker transients. Terminal measurement is input and center tap 

voltage is output. 
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4.3 Parameter estimation 

4.3.1 General 
The estimation of the parameter matrices can be carried out analytically or by using 

numerical methods. In this thesis the parameters are estimated using the finite element 
method and the software “Comsol Multiphysics” was applied for this purpose. The reason 
for selecting the finite element method is the very general geometries it can handle and the 
available software. However, the time consumption is currently a big problem so it might 
not be the most appropriate for all geometries. But for the sake of generality it was chosen 
here. 

A transformer limb is not an axi-symmetric object. Nevertheless the assumption of 
axi-symmetry is applied as a reasonable approximation during the estimation of the pa-
rameters. This assumption is regarded as very reasonable as the distance from a turn to the 
core varies only slightly along a single turn. More over the distances between turns are 
almost constant. As an approximation, the core can be included as an axi-symmetric struc-
ture by adjusting the reluctance of the core so that it equals that of a real transformer. 

The parameters of a system may be determined by two independent quasi-static finite 
element computations. One computation takes care of the capacitance and conductance, 
i.e. an electric quasi-static FEM computation and another computation takes care of induc-
tance and resistance, i.e. a magnetic quasi-static FEM computation. In case the conductiv-
ity is included in the complex permittivity a “true” electro-static computation can be car-
ried out for the determination of complex capacitance in the sense that conductance is not 
present in the equation system. This can provide a faster FEM computation as the electro-
static mode in Comsol Multiphysics is slightly faster than the electric quasi-static mode. 

 

Restrictions on the parameter matrices 

Depending on the assumptions there may be several restrictions on the parameter ma-
trices R, L, C and G, which might simplify the computation. Examples are given in [36] 
for homogeneous and/or lossless systems. The parameters of a transformer do not fall into 
such simplifying categories. However, a transformer is a passive, stable component, and 
thus one restriction applies for all parameter matrices: All parameter matrices are positive 
definite [36]. 

 

Positive definiteness of the R matrix 

To avoid misunderstandings later on, the primitive resistance matrix R is discussed 
more thoroughly: 

From standard circuit theory it is well known that resistances cannot be negative. If the 
resistances are negative the component is producing energy instead of absorbing energy, 
i.e. it is non-passive. The classic equivalent circuit of an induction generator serves as an 
example where negative resistance is used to represent energy production. 

For standard equivalent circuits, which do not contain complex mutual inductance, the 
primitive resistance matrix is always diagonal. Each diagonal element represents the resis-
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tance of the circuit component corresponding to the given row/column. In this case it is 
thus obvious that the resistance matrix only contains positive elements. 

Off-diagonal terms appear in at least two situations: 

1. Hysteresis loss: Hysteresis loss can be accounted for by using complex inductance 
or equivalent off-diagonal terms in R. 

2. System reduction: When several parallel conductors, which have mutual couplings 
to other parts of the circuit, are represented by a single conductor. 

Often the proximity effect is modelled by introducing off-diagonal terms in the resis-
tance matrix [6,60,107-109]. However, as will be explained in the next section, this way 
of modelling proximity effects is actually equivalent to system reduction, even though the 
parameters often are obtained by the FEM method. 

Unlike self impedances, mutual impedances have orientation, i.e. the sign of mutual 
impedance changes when the defined positive directions of the corresponding currents are 
reversed. Thus the sign of the mutual impedance depends on the defined orientation of 
current. As a consequence off-diagonal entries in the R-matrix are allowed to be negative. 

For hysteresis loss modelling the real and imaginary part of mutual impedance must 
necessarily have the same sign. However, this is not a restriction when system reduction is 
the cause of off-diagonal elements, as the system reduction provides a mathematically 
equivalent description which is only valid for a single frequency. 

In [109] the primitive impedance matrix of a system containing three axi-symmetric 
turns was computed, taking eddy currents and thus proximity effects into account. The 
primitive impedance matrix contained only positive inductances due to the chosen orienta-
tions but at some frequencies some off-diagonal entries in the resistance matrix became 
negative. A physical interpretation of the negative value is given in [109] as the authors 
have not seen negative resistances described elsewhere for eddy current problems. During 
the work with the present thesis, several negative off-diagonal entries in R have been 
observed too, even though the inductances are positive. 

The reason for stressing the issue of negative off-diagonal matrix elements in the R-
matrix is, that only a single reference have been found [109], which specifically reports 
mutual resistance of opposite sign than the corresponding mutual inductance. Further 
more, in [108] simple formulas are given for the off-diagonal elements of R for a trans-
former, when taking eddy current effects into account. These formulas do always provide 
positive off-diagonal elements. However, these formulas are based on simplifying as-
sumptions. Thus if somebody during modelling discovers that the R matrix obtained from 
a FEM simulation contains negative off-diagonal elements, it may seem natural to assume 
that these values are due to round-off errors and the user may choose to discard them, 
which will lead to incorrect results. 

To sum up, the only general requirement for the R matrix is that the R matrix must be 
positive definite7 [36]. This requirement is a necessary and sufficient condition for the 
corresponding network to be passive, independent of how the turns are connected [110]. 

                                                           
7 A positive definite matrix is a matrix which only has positive eigenvalues. 
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Thus if the R matrix is not positive definite, it is possible to terminate the turns such that 
the net amount of energy absorbed by the transformer model is negative, corresponding to 
negative resistance. 

 

Positive definiteness of G, L and C 

For the same reason as for R, the conductance matrix G must also be positive definite, 
though it acts as shunt admittance instead of series impedance. Similar to this, the induc-
tance matrix L must be positive definite, otherwise the corresponding inductive network 
could be terminated such that the network absorbs reactive power instead of generating it, 
i.e. the inductive network would then act as a negative inductance. Also similar to this, the 
capacitance matrix C must be positive definite in order for the corresponding capacitive 
network to act as positive capacitance independent of the termination. 

To sum up, the matrix generalization of requiring positive R, L, C and G components 
in a circuit is the requirement of positive definite R, L, C and G matrices. 

 

4.3.2 Inductance and resistance 
Skin effect 

Inductance and resistance of a conductor depends on the current distribution. When the 
frequency increases the skin effect forces the current to run near the edges of the conduc-
tor. The skin depth or depth of penetration is defined as [87]: 

ωµ
ρ2

δ
⋅
⋅

=      (4.3.2.1) 

Here, ρ is the conductivity, µ the permeability and ω the angular frequency. For circu-
lar straight conductors δ provides the equivalent depth used for resistance computation 
[58]. Similar to this, the skin depth equals the distance into the material, where the mag-
netic field has decayed to 1/e under simplified assumptions [87]. It is important to note 
that the skin depth is dependent on frequency and thus the current distribution will be too. 

When the frequency increases the inductance will converge to the inductance of a thin 
hollow conductor and the resistance will approach infinity. 

 

Proximity effect 

The proximity effect occurs when two or more conductors are brought close to each 
other. The current in one conductor will induce eddy currents in the other conductors, 
which, according to Lenz’ law, will counteract the magnetic field. This view can actually 
be used for understanding the skin effect too. The skin effect and the proximity effect can 
be regarded as a result of induced eddy currents. This understanding becomes useful in the 
interpretation of the R and L parameter matrices and is thus explained in the following 
text. 
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An alternative to FEM for parameter estimation 

In the following an alternative technique for estimation of parameter matrices will be 
discussed. The fundamental technique has been applied for parameter estimation in sev-
eral papers [36,100-104] though the exact approach may deviate. Often this approach is 
denoted the sub-bar method as it is often applied on straight conductors. Even though the 
technique is not applied in this thesis it provides a better understanding of the parameter 
matrices as the technique is more closely linked to the circuit description of a component. 

As an axi-symmetric geometry is used in the parameter estimation in this thesis, the 
explanation takes such geometries as a starting point. However, the fundamentals can be 
extended to 3-dimensional geometries. 

Imagine first two conductors closely located to each other. The geometry is axi-
symmetric and a current is forced through the innermost conductor. Due to axi-symmetry, 
currents including eddy currents will run perpendicular to the cross section area. This 
situation is shown in the following figure, which shows the current density by colours: 

 

 
Distance to symmetry axis [m] 

Figure 4.3.2.1: Cross section of axi-symmetric geometry. A current is forced through the innermost 
conductor which induces eddy currents in the adjacent conductor. The current density (norm) is 

plotted. The field calculation was done in Comsol Multiphysics. 

 

The current density in a cross section of a conductor is never uniform throughout the 
cross section. When the skin depth is much larger than the thickness of the conductor, it is 
still a reasonable assumption to assume a uniform current density within the cross section 
of a conductor. The upper figure shows how the assumption becomes invalid at higher 
frequencies. However, if it is assumed that the conductors themselves consist of several 
sufficiently small closely located conductors, the current density inside these smaller 
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conductors can be regarded as uniform. These smaller conductors are denoted sub-
conductors. The large conductors of figure 4.3.2.1 are in the following denoted main con-
ductors. This situation is illustrated by zooming in on the figure from above: 

 
Figure 4.3.2.2: Zoom of figure 4.3.2.1. This figure shows the upper left corner of the innermost 
conductor of figure 4.3.2.1. The conductors can be assumed to consist of smaller closely located 

sub-conductors. The sub-conductors are represented by the small squares in this figure (note that a 
FEM simulation does not provide such squares. The squares have been obtained by manipulating 
figure 4.3.2.1). If the sub-conductors are small enough, the current density can be regarded as uni-

form inside the sub-conductor. 

 

As the current density inside a sub-conductor is uniform, the resistance and self-
inductance of such a sub-conductor are identical to the DC value. The same is true for the 
mutual inductances between the sub-conductors. As the geometry is axi-symmetric, the 
currents have no intention to run in the cross section plane. Thus the field problem of 
figure 4.3.2.1 has now been turned into an electric circuit problem. 

The circuit problem is illustrated in the following figure: 
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Figure 4.3.2.3: The sub-bar approach where the field problem has been turned into a circuit prob-
lem. The number of sub-conductors has for simplicity been reduced to four. Mutual inductance is 

present between all inductances. 

 

The above figure demonstrates that the self impedance of a conductor with a non-
uniform current distribution can be regarded as the impedance of several parallel conduc-
tors, influenced by the presence of adjacent main conductors. 

The self-impedance of the innermost main conductor, due to the presence of the out-
ermost main conductor, can be found by inserting a voltage source between the two short 
circuits of the innermost main conductor. The self-impedance can then be found as: 

∑
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Z    (4.3.2.2) 

 

If the voltage source of the outer main conductor is set to zero, corresponding to a 
short circuit, the situation is identical to that of figure 4.3.2.1. 
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Relation between FEM, sub-bars and the primitive impedance matrix 

In Comsol Multiphysics, when using the axi-symmetric “quasi-statics, magnetic” ap-
plication mode, the loop voltages of the sub-domains must be specified. In the previous 
example three sub-domains were present: Inner main conductor, outer main conductor and 
surrounding media. The loop voltages of the inner and outer conductor are equivalent to 
the inner and outer voltage sources in the equivalent circuit of figure 4.3.2.3, even though 
the loop voltage in an axi-symmetric finite element computation is assumed to be uni-
formly distributed around the loop8. 

Initially the loop voltages are set to zero which corresponds to short circuiting the 
voltage sources in the equivalent circuit of figure 4.3.2.3. However, in a real transformer 
the turns do not constitute closed loops. Instead the turns are connected to each other. 
With the sub-bar approach the user has the option of letting the voltage source be re-
moved, corresponding to an open circuited turn, which may seem impossible during an 
axi-symmetric FEM simulation, as conductors always constitute closed loops in an axi-
symmetric FEM simulation. It will not be a reasonable approximation to ignore this ap-
parent limitation of axi-symmetric FEM by short circuiting turns in simulations where the 
turns should be open circuited.  This would correspond to ignoring that the low voltage 
side of a transformer was short circuited during a measurement of the open circuit imped-
ance on the high voltage side. 

One way of bypassing this problem during a FEM simulation is to apply the weak 
form application mode in Comsol Multiphysics together with the axi-symmetric “quasi-
statics, magnetic” application mode. This method has initially been proposed by Comsol 
[106] for the connection of turns in axi-symmetric models. What fundamentally is done is 
that the net current9 is specified instead of the loop voltage. Thus specifying the net cur-
rent to equal zero corresponds to adjusting a voltage source of the sub-bar approach such 
that no current passes through the voltage source, which is equivalent to an open circuited 
loop. Thus, except from differences in discretization errors, the sub-bar approach and axi-
symmetrical FEM will thus yield the same result. Compared to a 3d-simulation, both 
methods have the drawback that the current distribution does not change along a turn and 
that it is assumed that eddy currents only run perpendicular to the cross section of the 
conductors. 

Computing the primitive impedance matrix Z 

According to figure 4.2.5.1, the inductance matrix L and resistance matrix R are 
needed for the computation of the voltage distribution. However, independent on whether 
the lumped elements approach or the MTL approach is applied, the matrices R and L 

                                                           
8 The equivalence here refers to the fact that the current will be the same whether the voltage 

source is distributed throughout the loop, as in FEM, or placed between the ends of the loop, as in 
the sub-bar approach. Due to the differences in discretization the two methods will yield slightly 
different results, but the methods will both converge to the same analytical solution when the discre-
tization increases.  

9 By net current is meant the integration of current density in a sub-domain. The net current may 
be zero, even though currents are present inside the sub-domain, if the currents are opposing each 
other. 
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always enter the equation system as Z = (R + j⋅ω L) which is the primitive impedance 
matrix of the circuit when shunt impedances, i.e. conductances and capacitances, are ig-
nored. 

As previously mentioned, the FEM simulations used for inductance and resistance cal-
culations are axi-symmetric and (quasi-)static. For the magnetic case, the outcome of such 
a FEM simulation is the primitive impedance matrix of the modelled system. Both R and 
L can then be interpolated for frequencies in between those frequencies used for determin-
ing R and L. 

 

On the choice of method: Ohm’s law or the energy method 

When the parameters are obtained from FEM one may choose to obtain the parameters 
by application of Ohm’s law or by the application of the energy method. Applying Ohm’s 
law is advantageous to the so called energy method [114] with respect to time consump-
tion. The energy method is slower, as it needs one FEM simulation for each element in the 
primitive impedance matrix, whereas the application of Ohm’s law requires only one 
FEM simulation per column. It must be mentioned that the energy method assumes recip-
rocity10 and thus the elements above the diagonal can be found as the transpose of the 
elements below the diagonal. Thus for nonreciprocal media the energy method cannot be 
applied. In contrast the Ohm’s law method is likely to produce slightly non-reciprocal 
results due to the boundary conditions10, e.g. element L(i,j) may be slightly different than 
element L(j,i). Reciprocity can be enforced by assuming that both off-elements are equal 
to their mean. 

For an N-by-N matrix the following number of simulations is thus required: 

Senergy = ½⋅(N2 -N) + N = ½⋅(N2 + N)    (4.3.2.3) 

SOhm = N     (4.3.2.4) 

 

The ratio is: 

rOhmVSenergy = Senergy / SOhm = ½⋅(N + 1)    (4.3.2.5) 
                                                           
10 Reciprocity is usually assumed in transformer modelling, which corresponds to symmetrical 

R, L, C and G matrices. If these matrices are symmetrical, the nodal admittance matrix and the 
nodal impedance matrix will be symmetrical too [63]. For nonlinear media there is no general recip-
rocity theorem. For linear media mutual inductance is normally regarded as reciprocal, i.e. the mu-
tual inductance from conductor A to B equals the mutual inductance from conductor B to A. Often 
this reciprocity is stated but rarely is the proof given for reciprocity of mutual inductance. In [111] is 
given a proof for homogeneous media. In [113] it is stated that reciprocity is a consequence of en-
ergy conservation in linear systems and a proof is provided. It was found that this proof is wrong. 
Finally a proof and was found in [112] for inhomogeneous media and the assumptions on which it is 
based is given. To sum up the results of [112] for the time harmonic case: If the permeability tensors 
and permittivity tensors are symmetrical, i.e. reciprocal media, then the system containing these 
media is reciprocal if the system is unbounded as in real life. If the system is not unbounded, as in a 
FEM computation, the impedance boundary condition [112] must be fulfilled or the system must be 
source free. 
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Thus by applying Ohm’s law the computation of the primitive impedance matrix is 
½⋅(N + 1) times faster than the energy method. To put it in perspective, up to 260 turns are 
modelled simultaneously in the present thesis. Thus it requires 130 times more computa-
tions using the energy method than Ohm’s law. 

  The reason for bringing up the energy method is that it is sometimes regarded as 
more accurate than the impedance method. This may apply when the current is integrated 
over a boundary instead of a sub-domain [114], as is the case for 2D capacitance calcula-
tions. For quasi-static capacitance estimation Ohm’s law can be written: 

I = Y U = j⋅ω C U    (4.3.2.6) 

 

For electro-static capacitance calculations, the analogue to Ohm’s law is the definition 
of the capacitance matrix: 

Q = C U     (4.3.2.7) 

 

When Ohm’s law is applied good accuracy can be obtained by applying weak con-
straints [114] (not to be confused with weak form application mode). In [116] an axi-
symmetric electrostatic capacitance calculation was carried out for a spherical capacitor 
using both methods, i.e. the energy method and the electrostatic analogue to the Ohm’s 
law method. Both results were compared to the exact result obtained from an analytical 
formula. In this example, the energy method is the method with the least accuracy even 
though the Ohm’s law method was carried out without applying weak constraints11. Ac-
cording to [115] the difference between the energy method and the Ohm’s law method is 
mainly a problem in 3D models. Finally it must be mentioned that accuracy is more cru-
cial in the computation of inductance, as it is the small differences between self induct-
ances (diagonal entries of L) and mutual inductance (off-diagonal entries of L) which 
provides the leakage inductance. As shown in chapter 3, it is the leakage inductance to-
gether with capacitance, which determines the resonance frequencies of the internal volt-
age distribution12. Also for the capacitance matrix C it is the differences between diagonal 
entries and off-diagonal entries which provide the important parameters for determining 
the resonance frequency (see chapter 3). However, as the diagonal entries and off-

                                                           
11 The example referred to here is the “Spherical Capacitor” example of [116]. Note that the au-

thors of [116] come to opposite conclusion, i.e. the energy method is the most accurate method 
according to [116]: “The energy approach clearly gives the best result.” The numerical results of 
[116] have been verified in this work and they are easily obtainable as the original model is included 
in the COMSOL software. However, by listing the numerical results of [116] the opposite conclu-
sion must necessarily be drawn as the Ohm’s law approach is closer to the analytical result:      
Cenergy = 3.171097e-11   COhm = 3.171060e-11   Canalytical = 3.170985e-11 

12 Actually the resistances also play a part as they slow down the phase velocity of travelling 
waves, corresponding to lower resonance frequencies. Similar to the importance of leakage induc-
tance, it is the leakage resistances of the R matrix, which influence the resonance frequency [60]. 
However, the leakage resistances were found to be less critical than the leakage inductances as the 
relative difference between diagonal elements and off-diagonal elements of R is much more signifi-
cant than for L. More over, R is determined during the same accurate computation of L. 
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diagonal entries have different sign, this is not critical. It can thus be concluded that the 
parameter estimation requiring most accuracy is the estimation of L.  

 

Direct computation of impedance matrix utilizing Ohm’s law 

Two MATLAB scripts have been programmed for obtaining the elements of the primitive 
impedance matrix via Comsol Multiphysics. Both scripts utilize Ohm’s law. In addition 
some auxiliary functions have been programmed for importing general transformer wind-
ing geometries into Comsol Multiphysics via MATLAB. 

The first MATLAB script computes the primitive impedance matrix directly and util-
izes the weak form application mode of COMSOL Multiphysics, in order to force the net 
current through a turn to zero while still allowing eddy currents to flow. Ohm’s law is 
applied directly in order to obtain one column of an impedance matrix per FEM simula-
tion. One way of describing the procedure, is to recall that the ith column of a matrix can 
be extracted from a matrix by multiplying the matrix with a column containing zeros 
everywhere except the ith element which must equal 1. This fact is stated for the primitive 
impedance matrix in the following equation: 

[
tN1ii1i1

00100)i(:,
+−

⋅⋅⋅⋅⋅⋅= ZZ ]    (4.3.2.8) 

 

As the primitive impedance matrix relates current and voltage according to the equa-
tion U = Z I, the ith column of Z is thus equal to the voltage vector U if the current 
through turn i is set to 1 and the remaining currents are set to zero. When working with 
SI-units, the current should be set to 1A (one Ampere). The elements of the obtained volt-
age vector U, given in Volts, are thus identical to the ith column of Z, given in Ω = V/A. 

The procedure is described with the following equation (keep in mind that V = Ω⋅A): 

[ ] A)i(:,00A100
tN 1ii1i1

ZZIZU =⋅⋅⋅⋅⋅⋅==
+−

       (4.3.2.9) 

 

Thus any column of a primitive N-by-N impedance matrix can be found directly for a 
specific frequency through a FEM simulation. Due to the large amount of turns in a power 
transformer, not all turns can be simulated simultaneously, so it is necessary to work with 
reduced geometries and then collect the results afterwards to construct the primitive im-
pedance matrix of the total transformer. Thus only the columns of the reduced geometry 
are found during a FEM simulation. If the proximity effect between the reduced geometry 
and surroundings can be ignored, the obtained primitive impedance matrix elements of the 
reduced system are identical to those of the complete transformer. Thus the accuracy of 
the model is improved, if the reduced geometries are chosen wisely. A disc foil winding 
serves as a good example: The turns inside a disc are placed very closely which makes the 
proximity effect significant inside a disc, whereas the proximity effect between discs is 
less significant due to the larger distance. Thus all reduced geometries should preferably 
include complete discs. Further improvement could be obtained by including the prox-
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imity effects between adjacent discs. Ideally all turns should be included in each simula-
tion to account for all proximity effects. 

 

Advantage of direct computation of Z 

Ohm’s law can be utilized in two ways when the primitive impedance matrix is ob-
tained. Either Z is computed directly by obtaining one column of Z from each FEM simu-
lation, or Z is found via inversion of Y. Also during the computation of Y using Ohm’s 
law, one column is obtained per FEM simulation. The main advantage of computing the 
impedance matrix directly is that it is only necessary to compute the columns of interest in 
the primitive impedance matrix. Normally the matrix is regarded as symmetric, i.e. all 
mutual impedances are reciprocal, and thus the respective rows are obtained in the same 
simulation. This is an advantage when working with reduced geometries where several 
results should be merged to produce a primitive impedance matrix of the full system in the 
end. In such cases several of the reduced geometries will overlap. Imagine for instance a 
3-disc transformer winding split up into the following three reduced geometries: 

A. Disc 1 and 2 (provides mutual between 1 and 2) 

B. Disc 1 and 3 (provides mutual between 1 and 3) 

C. Disc 2 and 3 (provides mutual between 2 and 3) 

The sub-matrices and their positions in the total primitive impedance matrix are illus-
trated in the following figure: 

1 12
221

33231
23
13

Z =

 
Figure 4.3.2.4: Symbolic presentation of the primitive impedance matrix of a transformer winding 
containing 3 discs. The sub-matrix of each disc is represented by the corresponding disc number. 

Similar to this, the sub-matrix containing mutual impedances between discs are denoted 12, 13 and 
23 respectively. 

 

For simplicity it will now be assumed, that all discs contain the same number of turns 
Ndisc. The impedance matrices of the reduced geometries A, B and C will thus be 2⋅Ndisc-
by-2⋅Ndisc matrices. However, it is only necessary to compute half the columns of the 
primitive impedance matrices of the reduced geometries due to reciprocity. The following 
figure shows the reduced geometries used for finding the respective sub-matrix: 
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A
CA

BB

A B
C
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Figure 4.3.2.5: Primitive impedance matrix with reference to the reduced geometry used for finding 
the respective sub-matrices. 

 

The following figure illustrates the relation between sub-matrices of the reduced sys-
tems and the total primitive impedance matrix: 

 

1 12
221Z  =A

1
Z  =B 331

13
Z  =C

2
332

23

 
Figure 4.3.2.6: Relations between the primitive impedance matrices of the reduced geometries and 
the primitive impedance matrix of the total system given figure 4.3.2.4. Due to reciprocity and thus 
matrix symmetry it is only necessary to compute one half each impedance matrix, corresponding to 

the columns written in boldface. 

 

Thus it is only necessary to compute Ndisc columns of the primitive impedance matrix 
for each of the reduced geometries. Thus a total of 3⋅Ndisc FEM simulations are needed. In 
contrast, if the primitive impedance matrices of the reduced geometries are found indi-
rectly via inversion of the primitive admittance matrices, all 2⋅Ndisc columns of each of the 
reduced geometries have to be computed in order to be able to inverse the admittance 
matrix. Thus an admittance approach requires twice as many FEM simulations. 

 

Disadvantages of direct computation of Z (impedance approach) 

Compared to a direct computation of Z, an admittance approach has the potential to 
produce more accurate estimation of leakage impedance, whereas the direct computation 
of Z provides the best accuracy for magnetizing impedance. This is due to the fact that the 
admittance matrix is measured or simulated under short circuit conditions whereas the 
impedance matrix is measured or simulated under open circuit conditions. An analogy is 
given to the classical T-equivalent of a transformer (figure 2.1.1.2): The magnetizing 
impedance equals with good accuracy the no-load impedance and the sum of leakage 
inductances equals with good accuracy the short circuit impedance. As the leakage im-
pedances are important for the computation of resonance frequencies, an admittance ap-
proach is regarded as the most accurate. 

Another disadvantage of the impedance approach is an implementation issue in COM-
SOL Multiphysics. In this FEM package it is necessary to apply the weak form applica-
tion mode in addition to the axi-symmetric “quasi-statics, magnetic” application mode. 
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As a consequence the complexity of programming a script, which carries out the work 
for arbitrary transformer geometries, is increased significantly, as the programmer has to 
keep track of which point numbers corresponds to which domain numbers. The number 
systems of domains and points are quite different, especially when rectangular and circu-
lar conductors are present simultaneously. Thus keeping track of these numbers quickly 
becomes the major task for the programmer. For this reason the development of the script 
was stopped after it was guarantied to handle single discs of rectangular conductors. 

It seems likely that future versions of COMSOL could contain a dual formulation of 
the equation system so that loop currents could be specified instead of loop voltages, 
without the need of applying the weak form application mode. This would result in faster 
simulations and it would make programming much simpler. In that case direct computa-
tion of Z would probably be preferred over the admittance approach described in the fol-
lowing.  

 

Computation of primitive impedance matrix through inversion of admittance matrix 

Due to the disadvantages of the impedance approach described above, it was decided 
to compute the primitive admittance matrix of each of the reduced geometries instead, and 
then compute the primitive admittance matrix of each of the reduced geometries subse-
quently by inversion. The resulting script is significantly simpler than that of the imped-
ance approach. Further more it can handle arbitrarily shaped conductors and the core is 
included too. The main reason for the simplicity is that the script does not need too relate 
point and domain numbers, as only domain numbers are applied. 

The approach is the dual of the impedance matrix approach and thus the dual of equa-
tion (4.3.2.9): 

[ ] A)i(:,00A100
tN 1ii1i1

ZZIZU =⋅⋅⋅⋅⋅⋅==
+−

                               (4.3.3.10) 

 

The core is included as an axi-symmetric object. Thus the user should adjust the core 
object to have the right reluctance. 

4.3.3 Capacitance and conductance 
The capacitance computations were carried out in an MSc thesis [16] by Sune Grøn-

skov Nielsen (SGN) connected to this PhD project. They were carried out with the energy 
method with aid of distributed computing due to the large computation times and the short 
time frame of the MSc project. With the knowledge gained in this PhD project it seems 
most likely that the capacitance calculations can be computed with good accuracy with 
Ohm’s law instead of the energy method by including the weak term in the equation sys-
tem. As the parameter estimation is 2D axi-symmetric and not 3D it is even likely that the 
weak term can be neglected to speed up the computation. This seems very likely as the 
axi-symmetric example “Spherical Capacitor” of [116], discussed in footnote 6 of the 
previous section, exemplifies that Ohm’s law may provide better results than the energy 
method when the weak term is neglected. 
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4.4 Field calculation 

4.4.1 General field calculation approach 
The transient model response provides the voltages in the transformer as a function of 

time. Subsequently the field can be computed for each time step using an electrostatic 
computation. This approach ignores the losses and frequency dependent permittivity of 
the insulation material. Due to the time consumption of 3D-models axi-symmetry is again 
applied. The scripts from the parameter estimation can thus be utilized to import the trans-
former geometry. As in the capacitance parameter estimation, the voltage is assumed 
constant at the surface of each conductor. Thus there is no need for mesh inside the con-
ductors and the conductor area can be removed from the modelled geometry. 

In chapter 6 the details are explained more thoroughly for the relevant geometry. 

4.5 Chapter summary 
From the starting point of the preferred model specifications, the applied modelling 

techniques were explained. The model parameters are obtained through FEM axi-
symmetric modelling. Two scripts have been developed. The first developed script com-
putes the primitive impedance matrix directly whereas the second script computes the 
primitive impedance matrix through inversion of the primitive admittance matrix. The 
second script is far more general as it applies to arbitrary conductor shapes and the core is 
included too. Finally the transient model response is given to an electrostatic field calcula-
tion for each time step. 
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Chapter 5  

Experimental estimation of   
material parameters 
5.1 Overview 

In this thesis a dry type transformer has been obtained from an ABB transformer 
manufacturer for the purpose of model verification. The transformer has additional outlets 
in order to measure the internal voltage distribution. Further more confidential construc-
tion data has been applied. Finally three materials were provided: Transformer iron, turn-
to-turn insulation (polyester) and an epoxy sample. 

The transformer iron was then used for measuring the permeability and the two insula-
tion materials were used for measuring the permittivity of the two respective materials. 
The fundamentals is as follows: 

1. Construct a component where the material parameter of interest dominates the 
electrical impedance. 

2. Measure the complex impedance with an impedance analyser for a wide range 
of frequencies. 

3. Compute the complex permeability and complex permittivities from the imped-
ance measurements. 

All impedance measurements were carried out with the HP 4194A impedance analyzer 
shown below. Permittivity measurements were carried out by Sune G. Nielsen [16]: 

 
Figure 5.1.1: Applied impedance analyser HP 4194A with capacitance sample. Photo from [16] with 

permission by Sune Grønskov Nielsen. 
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In the next two sections the permeability estimation and the permittivity estimation 
will be described in more detail.  

5.2 Permeability measurement 

5.2.1 The non-square core 
The manufacturer of the transformer in question provided this research project with 80 

triangular transformer plates of the type which is normally applied in their foil wound dry 
type transformers. The iron is anisotropic such that the flux should be insignificant in 
directions different from the intended flux direction. The point is to measure the perme-
ability as a function of frequency. If appropriate, the permeability measurements can be 
included in the model. 

From these plates it was thus possible to construct a coil on a closed iron core in order 
to measure the permeability. As the angles in each triangle are 45°, 45° and 90°, the most 
apparent solution is to place the triangles such that they form a square. However, it would 
then be necessary to cut the 90° corner of each triangle in order to wind a conductor 
around the core. In case the same plates should be used in future experiments, a more 
flexible solution was at first selected: Instead of cutting the corners, the triangles were 
displaced. As we will later introduce a square core, this core is referred to as the non-
square core. 

The dimensions of the non-square core are shown below: 

 

d1 = 11 cm

d2=22 mm

d=d1-d2

d1

 
Figure 5.2.1.1: Dimensions and relative positions of the triangles during the first measurement 

sequence. 

 

When a coil is wound around the core, the impedance of the coil serves as an indirect 
measure of the core permeability if several other influencing factors are known. Often the 
following approximation can be applied [117]: 

fluxflux0r
2

coil d/AµµNL ⋅⋅⋅=    (5.2.1.1) 
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Here, Aflux is the cross sectional area through which the flux passes, and dflux is the av-
erage distance the flux flows before the flux returns to the starting point. For convenience 
Aflux and dflux are denoted the magnetic path area and magnetic path length respectively. 

The formula provides good accuracy when Aflux and dflux does not vary too much and 
when the core permeability is very big compared to the vacuum permeability. The ob-
tained iron plates are anisotropic which complicates matters further. The anisotropy is 
treated later. 

If the distance dflux is very long, very high core permeability is required, compared to 
the situation where dflux is small. This can be explained through the duality between flux 
flow and current flow: Flux tends to flow along low reluctance paths in the same manner 
DC current tends to flow along low resistance paths. 

Similar to this, a higher number of turns are required when the permeability of the core 
is rather low. The reason for this is that turns share almost 100% of the flux flowing in the 
core, whereas this is not the case for the flux flowing outside the core. Thus, the induc-
tance due to the magnetic energy in the core is proportional to the number of turns 
squared, as according to (5.2.1.1), whereas the flux due to the magnetic energy in air is 
proportional only to the number of turns in the extreme case [118]. 

From the above considerations it was decided to wind the maximum number of turns 
possible around the core. A total of 81 turns could be fitted around the core. 

The resulting coil on iron core is shown in the figure below: 

 

 
Figure 5.1.1.2: Resulting coil with non-square core. Each stack of iron plates consists of 20 plates, 
i.e. 80 plates were used. The coil consists of 81 turns. Wood was used for squeezing the plates to-

gether.  

 

The resulting data necessary for obtaining the permeability from an impedance meas-
urement, are given below: 
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Thickness t of plates  6 mm 

d1 11 cm 

d2 22 mm 

Parameters 

of setup 

Number of turns N 81 

Aflux = (d1-d2)⋅t 528 mm2Derived 

Parameters dflux = 4⋅(d1 + d2) 52.8 cm 

Table 5.2.1.1: Data necessary for computing the permeability from an impedance measurement with 
the non-square core. Aflux is an estimate of the average cross section area and dflux is the magnetic 

path length. 

 

The frequency sweep was carried out using an HP impedance analyser (HP 4194A). 
The result of the impedance measurement is shown below: 
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Figure 5.2.1.3: Real and imaginary value of measured input impedance. 

 

By assuming that the imaginary value of the impedance at all times equal ω⋅L, the in-
ductance can be plotted as a function of frequency: 
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Figure 2.2.1.4: Coil inductance using the non-square core under the assumption that the imaginary 
part of the impedance equals j⋅ω⋅L. 

 

When the assumptions for applying (5.2.1.1) are fulfilled, the relative permeability can 
be computed. For the valid frequency range, the permeability is simply proportional to the 
inductance. Thus, the corresponding permeability-versus-frequency curve will have ex-
actly the same shape if the formula is applied throughout the measured frequency range. 
As a consequence negative permeability values will be obtained above the resonance 
frequency at approximately 400 kHz, where the coil starts to act as a capacitor. It is unfor-
tunately not possible to know, at which frequency the actual inductance begins to deviate 
significantly from the computed inductance. More over, core losses are not included in the 
permeability. 

From this measurement alone, it is not possible to find out, which part of the resistance 
is caused by conductor losses, i.e. DC resistance, skin and proximity effect, and which 
part is caused by iron core losses, i.e. eddy currents and hysteresis loss. Further more, 
inductance and capacitance influence significantly on the real value around parallel reso-
nance. However, it should be possible to compute the relative permeability with reason-
able accuracy for at least some frequencies with this measurement. Besides ignoring the 
presence of capacitance, the computation can be carried out using one of the following 
assumptions: 

1. All losses are core losses 

2. All losses are conductor losses 

When all losses are assumed to be core losses, the core losses can be included in the 
permeability by letting the permeability attain complex values. The real and complex 
values of the relative permeability are denoted as follows: 

     (5.2.1.2) µjµµ r ′′⋅−′=∗
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If instead all losses occur in the conductor, the relative permeability simply equals µ´ 
and the permeability curve will have the same shape as the previous inductance curve.  

The resulting complex permeability is shown in the following figure: 
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Figure 5.2.1.5: Complex relative permeability using non-square core, computed without compensat-
ing for the capacitance. 

 

The losses do not seem to influence very much on the absolute permeability, except 
beyond and close to the resonance peak where the results are unreliable. From the figure it 
is difficult to tell, at which frequency the result becomes unreliable. 

The first resonance frequency is caused by parallel resonance between the complete 
coil inductance and the capacitance between turns, influenced to some extend by the ca-
pacitance to ground if significant. The importance of the series capacitance, i.e. the ca-
pacitance between turns, was verified by squeezing the conductors closely together, which 
made the resonance frequency decrease significantly. 

The second resonance frequency is likely to correspond to a standing wave along the 
coil when the supplied sinusoidal voltage hits the first internal resonance frequency. 

5.2.2 Measurements without core 
By carrying out a measurement sequence without core, it is attempted to compensate 

for the capacitance and to separate core losses from conductor losses. The plates were thus 
carefully removed from the setup and a frequency sweep was carried out again. 
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The result is shown below: 
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Figure5.2.2.1: Inductance for the coil without core, assuming imag(Z) = j⋅ω⋅L. At the lowest fre-
quency (100 Hz) the inductance equals 7,99⋅10-4 H. 

 

In order to apply this measurement for compensation, a model must be chosen. The 
simple parallel resonance model below is chosen: 

 

 
Figure 5.2.2.2: Simple parallel resonance model. 

 

Imagine a lossy inductor with impedance ZL = R+j⋅ω⋅L in parallel with a lossless ca-
pacitance C. Admittances in parallel can be added, and the resulting admittance of the 
parallel connection becomes: 

222parallel LωR
LωjRCωj

LωjR
1CωjY

⋅+
⋅⋅−

+⋅⋅=
⋅⋅+

+⋅⋅=   (5.2.2.1) 

The resonance frequency is 

2

2

resonance L
R

LC
1ω −=     (5.2.2.2) 

This can be seen by inserting (5.2.2.2) into (5.2.2.1), which makes the imaginary part of 
the admittance vanish. The admittance then becomes equal to the real part: 
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( )
L

RCωY resonanceparallel =     (5.2.2.3) 

Note that the apparent resistance at the resonance frequency actually is inversely pro-
portional to the conductor resistance. 

Having chosen a model, the model parameters can be identified for the coil in air. The 
capacitance and inductance are assumed to be independent of frequency. The 100 Hz 
value is applied for identifying the inductance. The inductance of the coil in air is found to 
equal 7,99⋅10-4 H at 100 Hz. The capacitance must now be identified. 

A zoom of the inductance around resonance is shown below: 
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Figure 5.2.2.3: Zoom in on the resonance peak of the previous picture. 

 

Zooming in on the resonance peak reveals a resonance frequency somewhere between 
727.4 kHz and 727.6 kHz. Assuming negligible influence of losses on the resonance fre-
quency, the capacitance can be found with (5.2.2.2): 

 

c

2

2

resonance L
R

LC
1ω −=  

Lω
1C

2
resonance

=  for sufficiently small values of R  (5.2.2.4) 

 

The capacitance is thus 60 pF ±0.1 pF. An estimate of R at the resonance frequency 
was found by applying equation (5.2.2.3): 
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( ) ( )

c

L
ωRC

ωY resonance
resonanceparallel

⋅
=

 

( ) ( ) Ω=
Ω⋅

=⋅= 2.13
M01.1pF60

Hµ799
ωY

C
LωR resonanceparallelresonance   (5.2.2.5) 

The inverse value of Yparallel at the resonance frequency was found from the figure be-
low. The influence of the resistance on the resonance frequency was found to be below 
0.001% and thus negligible for the air core coil. 
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Figure 5.2.2.4: Resonance frequency and maximum value between marks. 

 

The validity of the model is checked by comparing the impedance of the model with 
the measured impedance: 
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Figure 5.2.2.5: Impedance of model and measurement. 

 

5.2.3 Compensation method - general 
Having found the capacitance, the impedance measurement can be compensated, as-

suming that the simple parallel resonance model is reasonable. 

From (5.2.2.1) the following relation is derived: 

Cωj
Z

1
1

CωjY
1LωjR

measured
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=

⋅⋅−
=⋅⋅+   (5.2.3.1) 

 

Assuming negligible core loss, R and L can be found with this formula. Alternatively, 
when R is known, core losses can be included in the computation of L. In the latter case  
attains a complex nu

 

 air core coil 

L
mber. 

5.2.4 Compensating for capacitance of
Derived from (5.2.3.1), the resistance can for each frequency be found as: 
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 (5.2.4.1) 

 

The frequency dependence of the conductor resistance is shown graphically below: 
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It was found, that the resistance values becomes quite sensitive to the capacitance 
value beyond the resonance frequency at 700 kHz. This can explain why the compensated 
resistance decreases in the high frequency region. 

5.2.5 Compensation method for capacitance of non-square core 
Equation (5.2.3.1) is applied once again but this time the resistance R is assumed equal 

to the frequency dependent resistance during the air core experiments and the inductance 
is assumed complex. In this manner iron losses are separated from conductor losses and 
included in the computation of the complex permeability. 

The compensated inductance can thus be found for each frequency as: 

ωj
1R

Cωj
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1
1L air

measured ⎠

⋅
⋅

⎟⎟
⎟
⎟
⎟
⎞
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⎝

⎛

−
⋅⋅−

=    (5.2.5.1) 

 

The core in air was only measured up to 1 MHz and thus compensation can only be 
applied in this frequency range.  

The result is shown in the following figure: 
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ance of non-square core based on measurements and compen-

r losses obtained from air core experiment. 

 

Subsequently the complex permeability can be computed using (5.2.1.2).  

Figure 5.2.5.1: Complex induct
sated mathematically for capacitance and conducto
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F
ments on non-square core with mathematical compensation for capacitance and conductor losses 

obtained from air core experiment. 

rmula does obviously not provide satisfactory results when the permeability is 
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igure 5.2.5.2: Attempt to compute the complex relative permeability of iron core from measure-

 

The fo
low. This is illustrated by the horizontal line, which represents the computed permeability 
when the core is removed and thus the minimum value to be found with equation (5.2.1.2) 
if the capacitance is compensated successfully. Further more, as will be shown in the 
following section, the anisotropy makes the measurement above a mixture of two perme-
abilities. The curve above is thus just a rough estimate. Both issues are dealt with in the 
remaining part of this chapter. 

5.2.6 Anisotropy and square core measurements 
Until now, the question of anisotropy has been ignored. The delivered iron core plates 

are designed such, that the permeability parallel to the longest edge is significantly higher 
than the permeability perpendicular to this. In other words, there is a preferred flux direc-
tion. However, in the non-square core case, the flux lines would be spiral if they were to 
follow the preferred flux direction at all times. This is not possible as flux lines always 
constitute closed curves. This problem is illustrated below: 
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Figure 5.2.6.1: Illustration of the impossible situation where a flux line follows the intended flux 
direction at all times, leading to non-physical spiral flux lines. 

the

t computations. The flux line 
plots are obtained by plotting the contour of constant magnetic potential perpendicular to 
the plotted x-y plane, i.e. the z-component, as we are dealing with a 2d field computation 
[13]. 

 

The results are given in the following table: 

 

The flux was thus forced to deviate some from the preferred flux direction when using 
 non-square core and the resulting effective permeability will thus be a mix between 

the high and low permeability. This can be avoided if the displacement of the plates is 
avoided. However, this requires that one corner is cut of each plate, so a hole will be pre-
sent for the conductor. The corners were thus cut and the plates were inserted without 
removal of the coil. 

The problem is demonstrated with some finite elemen
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 Non-square core 

 

 

 

Square core 

 

 

µr=[100 0 0 1],  I=1<A/mm2

Etot=276 mJ/m 

µr=[100 0 0 1],  I=1<A/mm2

Etot=1522 mJ/m 

µr=[100 0 0 10],  I=1<A/mm2

Etot= 450 mJ/m 

µr=[100 0 0 10],  I=1<A/mm2

Etot=1562 mJ/m 

µr=100,  I=1<A/mm2

Etot= 1866 mJ/m 

µr=100,  I=1<A/mm2

Etot=1836 mJ/m 

µ r=[200 0 0 1],  I=1<A/mm2

Etot=317 mJ/m 

µr=[200 0 0 1],  I=1<A/mm2

Etot= 3016 mJ/m 

Table 5.2.6.1: FEM computations done in Comsol Multiphysics (magnetostatic application 
mode). Surrounding square is 1 m2 and conductor radius is 1 cm. For anisotropic core permeability, 
the order of values refers to the upper and lower plates. The inductance is proportional to the energy 

Etot. 

 

The square core and its dimensions are shown below: 
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Figure 5.2.6.2: Foto of coil on square core. 

 

2 d1 = 22 cm.

2 d2 = 3,2 cm.

xµ
yµ

 
Figure 5.2.6.3: Dimensions of square core.  The thickness is still 6 mm. 

 

Etot is the total magnetic energy stored in the geometry per meter and thus proportional 
to the self inductance: 

2
tot2

tot I
E2

LIL
2
1E

⋅
=⇔⋅⋅=    (5.2.6.1) 

For isotropic media, the field calculations revealed that the inductance is almost inde-
pendent of the core type. But when µy decreases, the inductance decreases significantly 
when the non-square core is applied. In contrast, the inductance is hardly influenced by µy 
when the square core is applied. Thus the square core provides the permeability in the 
intended flux direction µx and the non-square core can be regarded as a supplement to 
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obtain the permeability in the other direction µy. If a power transformer core is well con-
structed, µy should not matter very much, as µx dominates at most frequencies. 

The relevant dimensions of the square core are summed up in the following table: 

Thickness t of plates  6 mm 

d1 11 cm 

d2 1,6 cm 

Parameters 

of setup 

Number of turns N 81 

Aflux = (d1-d2)⋅t 564 mm2Derived 

parameters dflux = 4⋅(d1 + d2) 50.4 cm 

Table 5.2.6.2: Relevant dimensions of square core. 

 

Note that the area is actually the minimum area and that the magnetic path length 
equals the mean of the inner and outer core circumference so that the data can be applied 
with formula (5.2.1.1). Application of the mean length of the magnetic path dflux gives 
accurate results when the inner and outer circumference are approximately equal, i.e. 
when d1 ≈ d2. This is not the case for this core. 

However, due to the almost perfect square shape of the flux lines, a simple analytical 
expression can be derived for the equivalent magnetic path length of the flux path dflux,eq, 
which accounts for the non-uniform flux distribution. The derivation is based on the 
equivalence between magnetic and electrical circuits. The following equations demon-
strate the equivalence [12]:  

Magnetic reluctance 
Aµ

dS
⋅

=    (5.2.6.2) 

Electrical resistance 
Aσ

dR
⋅

=    (5.2.6.3) 

The derivation is carried out using electrical terms instead of magnetic terms. Subse-
quently the electrical terms are substituted with the equivalent magnetic terms. The deri-
vation is based on the figure below, which shows the iron core. 

 

 
Figure 5.2.6.4: Sketch of the square iron core. The marked area represents a limited magnetic path 

with insignificant deviation between inner and outer circumference. 
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A limited path is marked. This path has insignificant deviation between the inner and 
outer circumference. Thus, the resistance (equal to inverse conductance) of this path 
equals: 

xtσ
x8

Aσ
dRG path

1
path ∆⋅⋅

⋅
=

⋅
==−    (5.2.6.4) 

 

Here, x is the distance from the center to the path and d is the length of the path. Thus 
the relation d = 8⋅x. The width of the path is denoted ∆x. Utilizing the fact that conduc-
tances in parallel can be added, the total conductance of the core loop can be approxi-
mated as the sum of the conductances of all limited paths: 
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∆⋅⋅

=≈
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min

max

min

x

x

x

x
pathtotal x8

xtσGG    (5.2.6.5) 

 

This value approaches the exact conductance when ∆x approaches zero. Thus the ana-
lytical solution can be found by integration: 
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= ∫  (5.2.6.6) 

 

The total resistance is simply found as the inverse of this result and the electrical terms 
are replaced with magnetic terms. 

The reluctance of the complete magnetic core circuit is thus: 
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total

x
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8S     (5.2.6.7) 

 

Combining equation (5.2.1.1) and (5.2.6.2) yields: 

total

2

S
NL =      (5.2.6.8) 

 

If the inductance has been measured, the permeability in the flux direction can be 
found as: 
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In comparison the approximate formula (5.2.1.1) yields: 

flux
2

flux
approx,x AN

dLµ
⋅
⋅

=                             (5.2.6.10) 

The equivalent magnetic path length can be found by combining1 (5.2.6.9) and 
(5.2.6.10), which results in the relation: 
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eq,flux
accurate,x                            (5.2.6.11) 

Note that the permeabilities of equations (5.2.6.9-5.2.6.11) are absolute permeabilities 
so that they must be divided by the vacuum permeability in order to obtain the relative 
permeability. 

Equation (5.2.6.9) is not completely accurate as the magnetic energy in air is ignored 
but still highly accurate when the core permeability is high. A 2d FEM computation corre-
sponding to those of table 5.2.6.1 for the square core, resulted in a per unit length induc-
tance of 3.029674e-4 H/m when the relative permeability of the core was set to 1000 in 
the flux-direction and 1 perpendicular to the flux. Formula (5.2.6.9) was subsequently 
applied and the relative permeability in the flux direction was found to equal 1000,4 cor-
responding to a deviation of less than 0.05%. In comparison the approximate formula 
resulted in a permeability of 1292,7 and thus a deviation close to 30%. 

For the given values of d1 and d2, when the approximate formula is applied and the 
permeability is high, the permeability is always overestimated by: 

%291
d
d1

µ
µ

eq,flux

flux

accurate

approx =−=−                            (5.2.6.12) 

 

Thus the accurate formula is applied in all following permeability computations from 
the square core experiment. 

The impedance measurement gave the following result: 

                                                           
1 The definition of Aflux (table 5.2.6.2) is kept unchanged, and dflux,eq is defined such, that the 

simple equation of (5.2.6.10) provides the same result as the accurate formula (5.2.6.9) if dflux is 
replaced with dflux,eq. 
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Figure 5.2.6.5: Impedance using square core. 

 

Assuming that the inductance at all times equals j⋅ω⋅L, the inductance is found: 
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Figure 5.2.6.6: Inductance with square core under the assumption that the imaginary part of the 
impedance equals j⋅ω⋅L. 
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Again, the resonance influence on the inductance around 300 kHz. Thus the square 
core measurements are compensated for capacitance and conductor losses in the same way 
as done for the non-square core. 

5.2.7 Square core measurements compensated for capacitance and con-
ductor losses 

Having compensated the measurements for capacitance and conductor losses using the 
simple parallel resonance model together with the air core measurements, the compen-
sated inductance can be plotted: 
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Figure 5.2.7.1: Inductance with square core after mathematical compensation of capacitance and 
conductor losses. 

 

The accurate formula (5.2.6.11) is then applied to obtain the relative permeability: 
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Figure 5.2.7.2: Relative permeability with square core after mathematical compensation of capaci-
tance and conductor losses. Once again, the computed permeability of a coil in air is significantly 

above the vacuum permeability (µr,airCore = 49). 

 

Again the permeability computation is insufficient for small permeability values. This 
is to be expected and can be realized by applying the formula (5.2.6.11) on the inductance 
found from the air core experiment, corresponding to a core having a relative permeability 
equal to one whereas the computation comes to the result µr,airCore = 49. Thus the estimated 
permeability is 49 times higher than the actual core permeability in the extreme case 
where the permeability of the core equals one. Thus it may seem unclear which of the low 
permeability values can be trusted. 

Though the formula (5.2.6.11) only applies when the core permeability is sufficiently 
high, it is possible to correct the previously found values to some extend. This is done in 
the following section. 

 

Causes for incorrect estimation of permeability 

As demonstrated above the simple magnetic path formulas for inductance computation 
(5.2.6.9-5.2.6.11) breaks down when the permeability is not large compared to the sur-
rounding media. This is actually due to two effects: 

A. The magnetic energy in air may become comparable or even larger than the 
magnetic field in the core when the core permeability decreases. This is espe-
cially true when the part of the coil encircled by the closed core constitutes only 
a small part of the complete coil, even when the core permeability is high. 

B. When the permeability of the core becomes comparable to the permeability of 
the surrounding media, the boundaries between core and air becomes blurred. 
Thus the core volume and air volume cannot be regarded as isolated magnetic 
paths and the flux pattern will change. 
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Effect A may become relevant for significantly higher permeability values than effect 
B. As the real part of the inductance with core at all times is greater than without core, 
effect B is in the following assumed to be negligible and effect A is compensated mathe-
matically. 

5.2.8 Air field compensation -general 
Air field compensation - general 

Inductance is proportional to the amount of stored magnetic energy caused by the cur-
rent running in the wire: 

( aircore22
EE

I
2

I
E2L +⋅=
⋅

= )

                                                          

     (5.2.8.1) 

As magnetic energy is proportional to the permeability when the magneto-motive 
force is fixed, we get the following relation: 

aircoreeffective µcµµ ⋅+=      (5.2.8.2) 

When dealing with relative permeability the expression can be simplified a bit, as the 
relative air permeability equals 1: 

cµµ core,reffective,r +=      (5.2.8.3) 

Here, the effective relative permeability denotes the computed relative permeability of 
the core, based on a formula like (5.2.6.11) which assumes that the energy in air is negli-
gible, and µr,core is the relative permeability of the core. The constant c is needed for the 
energy in air, as µr,effective is computed from the core geometry. This relation holds for 
relative permeability as well as for absolute permeability as long as the flux pattern is 
approximately unchanged, i.e. when effect B can be ignored. 

The results (5.2.8.2-5.2.8.3) can also be realized from the fact that permeance2 of a 
magnetic circuit is proportional to permeability and that permeances in parallel can be 
added just as admittances in parallel can be added. Again, effect B should be negligible 
for this to be true, corresponding to two parallel magnetic paths which do not share any 
flux. 

If the constant c is known, the core permeability can be compensated by rearranging 
(5.2.8.3): 

cµµ effectivecore −=      (5.2.8.4) 

As the goal is to obtain the permeability, the effectiveness of this compensation proce-
dure is demonstrated by a FEM simulation example: 

 
2 Permeance is the inverse of reluctance and thus proportional to permeability. 
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5.2.9 Example of air core compensation 
2d-FEM computations with the square core geometry resulted in the following flux 

line distributions and results: 

 

FEM-input 

Relative core permeability: 

   µr,core = 1 

FEM-results 

Inductance per unit length: 

   L/t = 8,4755e-007 H/m. 

Data treatment 

Effective relative permeability: 

   µr,x,eff = 2,80 

   c = µr,x,eff – µr,x,core = 1,80 

 

 
FEM-input 

Relative core permeability: 

   µr,core = 2 

FEM-results 

Inductance per unit length: 

   L/t = 1,1582e-006 H/m. 

Data treatment 

Effective relative permeability: 

   µr,x,eff = 3,82 

   c = µr,x,eff – µr,x,core = 1,82  
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FEM-input 

Relative core permeability: 

   µr,core = [20 0 0 1] 

FEM-results 

Inductance per unit length: 

   L/t = 1,1583e-006 H/m. 

Data treatment 

Effective relative permeability: 

   µr,x,eff = 21,87 

   c = µr,x,eff – µr,x,core = 1,87  

FEM-input 

Relative core permeability: 

   µr,core = [200 0 0 1] 

FEM-results 

Inductance per unit length: 

   L/t = 6,1133e-005 H/m. 

Data treatment 

Effective relative permeability: 

   µr,x,eff = 201,87 

   c = µr,x,eff – µr,x,core = 1,87  

Table 5.2.9.1: Square core simulations and calculations. 

 

With µr,x,core = 200 as example, the computation was done as follows: 

- The energy in the entire volume was integrated and timed by 2/I2 to yield the in-
ductance per unit length: L/t = 6,1133e-005 H/m 

- The relative permeability was found using (5.2.6.11): 

201.87
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   (5.2.9.1) 

 

The value to be computed should ideally be found to equal µr,x,core = 200. The differ-
ence between the computed relative permeability and the actual permeability is c=1,87. 
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It can be seen, that c is approximately constant, and if c is known it can be used to 
compensate for the magnetic energy in air. The question is then: How can the constant c 
be found? The table above answers this question as c was found with reasonable accuracy 
in case the core permeability equals one, corresponding to a measurement without core. 

The computed permeability with and without compensation for the energy in air is 
shown in the following table: 

 

µr,x,core µr,x,effective µr,x,compensated
Deviation 
(µr,x,effective) 

Deviation    
(µr,x,compensated) 

1 2,80 1 (by definition) c = 180% 0% (by definition) 

2 3,82 2,02 91% 1% 

20 21,87 20,07 9% 0,4% 

200 201,87 200,07 0,9% 0,04% 

Table 5.2.9.2: Square core simulations with inductance “measured” for each row. Subsequently 
the computed permeability is compensated for air field. The compensation is done by subtracting c 

from the computed permeabilities. The constant c was found from air core simulations. 

 

The compensation method seems to work better than expected, as it provides reason-
able results even for very low permeability values when effect B begins to set in. How-
ever, the simulations are 2d-simulations and only one turn is applied. The return conduc-
tor is also ignored in the simulation. These simplifications may explain the very good 
effect of the compensation method even for low permeability values where effect B sets 
in. However, the compensation method is probably good for a real coil too, as long as 
effect B is negligible. 

 

5.2.10 Air field compensation – square core measurements 
The compensation method is now applied on the computed permeability of figure 

5.2.7.2. The compensation is simply carried out by subtracting the real constant c from the 
permeabilities of figure 5.2.7.2. The loss part is not influenced by the compensation 
method. 

In figure 5.2.7.2 the corresponding effective relative permeability was found to equal 
49 and thus c becomes: 

48149µµc coreeffective =−=−=                            (5.2.10.1) 

 

The compensation for the energy in air results in the following plot: 
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Figure 5.2.10.1: Computed complex relative permeability found by compensating the values of 
figure 5.2.7.2 for the magnetic field in air. 

 

As the real part of the permeability seems to increase from 800 kHz and up, it must be 
concluded that the values in this frequency range cannot be trusted. The main reason for 
this behaviour is most likely to be the uncompensated second resonance, which peaks 
around 3,4 MHz. The imaginary part is more unreliable in this frequency range as the 
resistance dominates around resonance. The minimum real part of the permeability was 
found to equal 63 at 700 kHz. Already at 200 kHz the real and imaginary part becomes 
equally big. Eddy currents theory states that the loss angle of the complex permeability 
converges towards 45° [14] so the imaginary part may already become unreliable over 
200 kHz, where it becomes greater than the real part according to the computation. From 
200 kHz the imaginary part could then be assumed approximately equal to the real part. 
With this assumption the imaginary part and the absolute value are also at minimum at 
700 kHz attaining the values Im(µr,x) = Re(µr,x) = 63 and abs(µr,x) = 89632 =⋅ . 

5.2.11 Computation of µr,y 
Computation of µr,y - overview 

The relative permeability computed from the non-square core, shown in figure 5.2.5.2 
is not worth much as the measurement result is a mixture of the permeabilities in the x- 
and y-direction. However figure 5.2.5.1 still represents the coil inductance. With the re-
sults obtained from the square core measurement, a more correct treatment of the meas-
urement with the non-square core is given. 

Having found the permeability along the intended flux direction µr,x, the permeability 
along the y-axis, µr,y, can be found from the measurements with the non-square core with 
some additional calculations. These calculations are rather crude in that they only apply 
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accurately to strictly real valued permeabilities and when eddy currents are absent. Still 
the resulting values of µr,y gives an idea about the range. 

The computation is done as follows: 

1. For each core type the computed inductance has previously been compensated 
for capacitance and conductor losses. In addition it is now compensated for the 
energy in air, so that the inductances only refer to the core flux. 

2. The ratio of the core path inductance for the square core and the core path induc-
tance for the non-square core is computed using FEM. From interpolation of fi-
nite element results from simulations of lossless media the ratio µr,y/µr,x can be 
obtained. As µr,x has been found previously, µr,y can be found as well. The finite 
element results are carried out for lossless media. 

The most fundamental assumption is the assumption that the magnetic flux density in 
the x-direction is independent of the magnetic field strength in the y-direction and vice 
versa. This assumption can be expressed mathematically for a 2d-geometry: 
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If this assumption was not applied off-diagonal elements would be needed too, i.e. the 
zeros in (5.2.11.1) should be replaced by µxy and µyx. In reality off-diagonal elements must 
be present as the complex permeability accounts for eddy currents and as mutual induc-
tance is always present between any two eddy current loops. The assumption is further 
more undermined by additional 3d-effects, such as capacitive currents between trans-
former plates. However, for approximate estimates the assumption is regarded as reason-
able. 

The two steps and additional assumptions are treated more thoroughly below.  

 

Compensating inductance for energy in air 

After the measurement was compensated for capacitance and conductor losses in order 
to obtain the inductance, the measurement should be compensated for the energy in air. 
This compensation must be carried out on the computed inductance and not on the perme-
ability as we do not have a accurate formula for the relation between inductance and ani-
sotropic permeability of the non-square core. The fundamentals when compensating for 
the energy in air are the same though. It must be emphasized that the resulting inductance 
is artificial in the sense that it is smaller than the actual coil inductance but it provides the 
part of the inductance which is related to the core flux. 

One way to explain how the corresponding compensation for energy in air is carried 
out for inductance is to apply the dual of the following statement [15]: “The self-
inductance of a coil whose core consists of a series of smaller cores, can be regarded as a 
parallel circuit of self-inductances, each consisting of one of these smaller cores”. 
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A dual formulation could be: “The self-inductance of a coil whose core consists of 
smaller cores in parallel, can be regarded as a series circuit of self-inductances, each 
consisting of one of these smaller cores”. 

As the magnetic paths in air and the magnetic path through the core are in parallel we 
can subtract the inductance corresponding to the air path. This inductance is approxi-
mately equal to the air core inductance as only a small part of the magnetic energy is con-
tained in the core when the core permeability equals one. In other words, the energy in the 
fictive core volume3 during the measurement without core is ignored when the following 
approximation is applied: 

airincoilcoreoncoilpathaircoreoncoilpathcore LLLLL −≈−=                           (5.2.11.2) 

This fact cannot be realized from the 2d FEM computations as the core in these com-
putations has an infinite thickness. However, it can be realized from (5.2.8.4) and the 
square core results: 

The square core results provided a constant c equal to 48, which means that the energy 
in air is approximately 48 times greater than the energy in the square core when the per-
meability of the core equals µo. By neglecting the energy in the core when computing the 
constant c, the computed c would attain the value 49 instead of 48. However, such an 
assumption results in an absolute deviation close to unity in the computation of the rela-
tive permeability. However, without accounting for the energy in air the absolute devia-
tion between estimated and computed permeability would be close to 48. It is thus crucial 
to account for the energy in air but acceptable to ignore the contribution from the energy 
in the fictive core volume. 

The air core inductance was found to equal 7,99⋅10-4 H at 100 Hz. Subtracting this 
value from the total inductance gives the inductance referring to the magnetic core circuit 
only. This was done for both cores after the measurement was compensated mathemati-
cally for capacitance and conductor losses. The result is shown in the following figure: 

 

                                                           
3 By fictive core volume is meant the volume corresponding to the core volume during the 

measurement without core. A measurement without core corresponds to a measurement with core 
when the complex relative permeability equals unity. 
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Figure 5.2.11.1: Inductance of core path (absolute value) for both cores. Non-square core values 
were interpolated linearly between measured frequencies as the measurements of the different cores 

were not carried out at exactly the same frequencies. 

 

Computation of µr,y through linear interpolation of finite element results 

The ratio between the core path inductances is denoted . It should be computed for 
each frequency: 

Lr

)f(L
)f(L

)f(r
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L

−

=                             (5.2.11.2) 

Similarly the ratio between the permeability in y- and x-direction is denoted rµ. Mag-
neto-static finite element computations were carried out with µr,x fixed at 1000 whereas 
µr,y was varied from 100 to 1000 in steps of 50, resulting in the following curve: 
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Figure 5.2.11.2: Ratio µr,x/µr,y plotted against ratio of core path inductances rL. 
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If rL is known from measurements rµ can be found by interpolation of the curve above. 
Subsequently µr,y can be found when µr,x is known: 

Lx,r
x,r

y,r
x,ry,r rµ

µ
µ

µµ ⋅=⋅=                             (5.2.11.3) 

As rL and µr,x are known for the measurement frequencies, µr,y can now be computed 
with the formula above. As the finite element computations were carried out for real val-
ued permeabilities only, the relation does not consider lossy media. On the other hand it 
seems wrong to neglect the losses as they constitute a significant part of the absolute per-
meability at high frequencies. Thus the computation is carried out for absolute permeabil-
ity values only and no attempt is made to divide µr,y into real and imaginary parts. 

The resulting absolute values of µr,y are plotted below together with the previously 
found absolute values of µr,x: 
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Figure 5.2.11.3: Plot of resulting estimates of µr,x and µr,y as a function of frequency. Selected 
data points have been highlighted. 

The maximum and minimum value of µr,y has been highlighted. µr,y varies from 147 
to 13,9 and the ratio between the two has a minimum around 2⋅105 Hz. At this frequency 
µr,x is 4,0 times greater than µr,y. At 100 Hz µr,x was close to 8 times greater than µr,y. 

 

5.3 Permittivity measurements 
The master thesis connected to this PhD thesis [16] provided the permittivity meas-

urements including data treatment. Thus most figures of this section are from [16] by 
permission of the author Sune Grønskov Nielsen (SGN). Fundamentally the measurement 
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procedure was to measure the complex capacitance of a capacitor where the two material 
samples were used as dielectric. 

The following figure shows the test samples before they were inserted into the test ca-
pacitor: 

       
Figure 5.3.1: Test samples before they are inserted into the test capacitor. The polyester  (My-

lar®) sample is to the left and to the right the epoxy sample can be seen. Photos applied with per-
mission from the author of [16]. 

 

The following photo shows how the capacitor is attached to the impedance analyzer: 

 
Figure 5.3.2: Test capacitor attached to impedance analyzer. Photo applied with permission from the 

author of [16]. 

All measurements were measured with and without compensation for the measure-
ments setup. This makes sense, when resonances in the measurements are caused by the 
external measurement components. The compensation method is built into the impedance 
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analyzer and requires the measuring of the no-load impedance and the short circuit im-
pedance of the setup4. Below the results are shown for Mylar: 
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Figure 5.3.3: Measured complex relative permittivity of Mylar® from 100 Hz to 40 MHz. Note 
that a few negative εr’ and εr’’ values have been removed, which is why the curve is missing at a 
few frequencies. Negative εr’’ values are caused by inaccurate estimation of the loss angle at low 
frequencies and negative εr’ are caused by resonance at high frequencies. Data was given in [16]. 

 

In the following figure the corresponding results are shown for epoxy: 

                                                           
4 This approach did not influence the permeability measurement significantly, which is why the 

permeability measurements were carried out without external compensation. 
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Figure 5.3.4: Measured complex relative permittivity of epoxy from 100 Hz to 40 MHz. Note that a 
few negative εr’ and εr’’ values have been removed, which is why the curve is missing at a few 

frequencies. Negative εr’’ values are caused by inaccurate estimation of the loss angle at low fre-
quencies and negative εr’ are caused by resonance at high frequencies. Data is from [16]. 

 

The loss angle and thus εr’’ is estimated with a rather high inaccuracy at low frequen-
cies. In [16] the inaccuracies at different frequencies were estimated from formulas given 
in the user manual of HP 4194A. These inaccuracies refer to the measured capacitance 
and conductance, which corresponds to εr’ and εr’’ respectively. Due to end effects in the 
setup the inaccuracy may be slightly higher. However, SGN subtracted the capacitive end 
effects [16] from the measured capacitance. The capacitive end effects were estimated 
with FEMLAB. Due to the axi-symmetric shape of the capacitor the computation is re-
garded as very accurate. 

 

The inaccuracies are shown in the following table: 
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 Frequency range Resolution Inaccuracy* 

Frequency 100 Hz - 40 MHz 1 mHz ± 20 ppm 

Conductance 10 nS - 100 S 1 nS absolute in %** 

Mylar 100 Hz  ± 16,6 nS N/A 

 300 Hz  ± 27,8 nS 300 % 

 20 kHz  ± 419,6 nS 18 % 

 1 MHz  ± 77,9 µS 28 % 

Epoxy 100 Hz  ± 7,1 nS N/A 

 300 Hz  ± 2,9 nS N/A 

 20 kHz  ± 8,8 nS 44 % 

 1 MHz  ± 276,6 nS 19 % 

Capacitance 10 fF - 0,1 F 0,1 fF   

Mylar 100 Hz  ±  24,6 pF ± 1,2 % 

 300 Hz  ± 14,8 pF ± 0,7 % 

 20 kHz  ± 4,5 pF ± 0,2 % 

 1 MHz  ± 12,3 pF ± 0,7 % 

Epoxy 100 Hz  ± 11,3 pF ± 1,2 % 

 300 Hz  ± 1,5 pF ± 0,8 % 

 20 kHz  ± 71,2 fF ± 0,2 % 

 1 MHz  ± 16,8 pF ± 0,7 % 

Table 5.3.1: Computed inaccuracies [16] of capacitance and conductance based on the 
user manual of HP 4194A. The table is taken from [16] with permission and translated. 
* Under the circumstances of the measurement. More details can be found in [16]. ** 

Percentage in relation to the measured value. 
 

It can be seen from the table that the inaccuracies of capacitance is significantly 
smaller than the inaccuracies of conductance. As it will be shown in another chapter, the 
dielectric losses were found to be an important factor for accurate estimation of the fre-
quency response. Thus it may be a good idea to apply equipment dedicated to loss angle 
measurements, preferably at higher voltages such as the IDA 200 [119]. 

5.4 Chapter Summary 
Complex core permeability and the complex permittivity of mylar and epoxy was 

computed from measurements. In all measurement sequences it was necessary to compen-
sate for resonance. For permittivity measurements, resonance was mainly caused by the 
setup and could thus be compensated by the build-in compensation in the impedance ana-
lyzer. For the permeability measurements, the build-in compensation had no visible influ-
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ence as the resonances were solely due to the measurement object. Using a simple model 
the permeability measurement was compensated for resonance. Measurements on the 
square core seem to provide a reasonable estimate of the permeability up to the first reso-
nance frequency and though the compensation might not be perfect, it indicates that the 
core permeability is greater than the vacuum permeability also at higher frequencies. 
However, it is important to keep in mind, that these measurements are carried out at very 
low fields. Thus the permeability is getting close, if not identical to, the initial permeabil-
ity which is the permeability when the H-field converges towards zero. The initial perme-
ability is known to be significantly smaller than at higher fields, as long as saturation does 
not occur. This also explains why the measured relative permeability at 100 Hz was as 
low as 1200 (approximately) which is in great contrast to the value specified by the trans-
former manufacturer which provides relative permeability values in the range 30.000-
50.000. 

It seems likely that the initial permeability has better high frequency properties than 
the permeability at higher fields, which may explain why the measured permeability was 
found to be greater than the vacuum permeability. 
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Chapter 6  

Parameter estimation and model 
verification 
6.1 Overview 

This chapter deals with modelling and verification of a dry type power transformer 
model. The transformer used for verification has additional outlets for measuring the volt-
age distribution. Verification is carried out in the frequency domain. 

The next section describes the transformer. Subsequently some results from an MSc 
thesis [16] by Sune Grønskov Nielsen are presented. The MSc project was offered in 
connection with the present PhD project and was supervised by the author and supervisors 
of the present thesis. The results of the MSc thesis have been valuable for the PhD project, 
especially as an offset for detailed parameter estimation. The main results are presented in 
order to provide a better understanding of the choices which have been made along the 
way. All figures presented with permission of the author. 

Several plotted comparisons between models and measurements are given in this chap-
ter. Unless otherwise specified, the winding is assumed grounded. Comparisons are usu-
ally carried out for amplitude. Phase is compared in the final model where the amplitude 
is regarded as reasonable. 

Values of voltage transfer functions have no units. Often it is common to describe 
transfer function values in dB. However, units such as dB are avoided in order to make the 
link to terminal voltage more straightforward. Thus all plotted voltage transfer functions 
are given in per unit (p.u.) under the assumption that the terminal voltage to ground equals 
1 p.u. 

6.2 Transformer description 
A special made dry type transformer was obtained from ABB in order to verify the 

model. The transformer was equipped with additional outlets in order to measure the volt-
age distribution inside the high voltage winding. The transformer is a three phase dry type 
transformer which can be coupled in wye as well as in delta. The voltage ratio is 
10kV/0.69kV for the standard Dyn-connection. The dry type transformer design resem-
bles that of high voltage winding and was fundamentally identical to that of a similar 
sized transformer but the low voltage winding type was designed to resemble those the 
manufacturer applies in large dry type power transformers such as those in wind turbines. 

Two photos of the special made transformer are shown below. In the background of 
the left picture the similar sized standard transformer from the same manufacturer can be 
seen: 



 

 

 

 

110 Parameter estimation and model verification Chapter 6 

 

                

 

 
Figure 6.2.1: In the right figure the special made transformer can be seen in the front and a similar 

sized standard transformer in the back, placed in the cage for measuring transfer functions. The right 
photo is from [16] and shows the outlets for measuring the voltage distribution. 

 

Detailed knowledge about the geometry has been obtained from ABB but the dimen-
sions are confidential. The fundamental structure is presented here with permission: 
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Transformer description 

All transformer limbs in the transformer have the 
same construction, when the core construction is not 
considered. The high voltage winding contains 13 
foil wound discs. The low voltage winding consists 
of a single foil disc. Usually the low voltage turn 
closest to the high voltage winding will be grounded 
as is the case in the figure. For this reason the low 
voltage winding is regarded as a grounded structure 
in this thesis. 

The high voltage winding is cast in epoxy but the 
turn-to-turn insulation is Mylar. The core consists of 
stacked plates of anisotropic iron. Samples of all 
three materials were examined experimentally in the 
previous chapter. 

The number of turns in the high voltage winding 
varies between 129 and 130. Due to the additional 
outlets in the upper disc for model verification, it was 
necessary to make the distance between first and 
second disc significantly larger than the distances 
between the remaining discs. Distances between 
remaining discs are constant. 

Note that the upper disc differs from the lower 
disc in that the outlet is attached to the innermost 
turn of the upper disc. In contrast the outlet is at-
tached to the outermost turn in the lower disc. There 
will thus inevitably be a difference between top and 
bottom at high frequencies due to different capacitive 
couplings, even though the transformer may be cou-
pled in delta. 

In addition, a surge arriving at the upper disc will 
have to pass all turns of the upper disc before it ar-
rives at the inner most turn. Thus the upper disc is 
regarded as the most potential critical part. 

 
 

Figure 6.2.2: Fundamentals of trans-
former winding 

 

The number of turns of the high voltage winding and the positions of the outlets are 
not confidential. These numbers are shown in the following figure: 
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Translation table 

Outlet No. Model node 
No. 

1 1 

2 3 

3 5 

4 21 

5 51 

6 91 

7 130 

8 259 

9 388 

10 646 

11 904 

12 1163 

13 1423 

Disc 3

Disc 1Disc 4

Disc 5

Disc 6

Disc 3

Disc 1Disc 4

Disc 5

Disc 6

Disc 2

Disc 3

Disc 1Disc 4

Disc 5

Disc 6

Disc 7

Disc 8

Disc 9

Disc 10

Disc 11

Disc 12

Disc 13

Disc 1

outlet 1-6

outlet 7

outlet 8

outlet 9

outlet 10

outlet 11

outlet 12

outlet 13

outlet 14
 14 1683/ground 

Table 6.1.1: Numbering of discs, outlets and corresponding node numbers in model. 

 

6.3 Experimental setup 
The experimental setup consists of a pc, an oscilloscope, a signal generator and an 

amplifier. The oscilloscope was a Tektronix TDS2014. The signal generator was from HP 
type HP33120A and the amplifier TOE7607 was from Toellner. 
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The generator provides a sinusoidal voltage, which amplifies the signal to a voltage 
amplitude around 10 V (peak to peak). The transformer is excited with this voltage. Input 
voltage and relevant responses could then be measured with probes attached to the oscil-
loscope. 

Nielsen [16] has programmed the setup so that it could make a frequency sweep. More 
information is given in [16] and [120]. Two types of probes were available: Passive high 
impedance probes (Tektronix P2100) and differential probes (SI-9001). The passive 
probes were used for measuring voltage to ground and the differential probes were used 
for measuring voltage to terminal. In addition the differential probes have been used for 
impedance measurements, by measuring the voltage across a small resistor of know resis-
tance, placed between the input signal and the transformer. 

The measurement equipment is shown below: 

 
Figure 6.3.1: Measurement equipment in front of cage. Inside the cage on the transformer, some of 

the additional outlets can be seen. The equipment was controlled with a pc. 

 

    The amplifier limits the upper frequency to 5 MHz. The frequency band from 50 Hz to 
5 MHz was regarded as a reasonably frequency band for model verification. 

6.4 Initial parameter estimation and model 
In [16] Nielsen was in a MSc thesis given the opportunity to test some of the chosen 

modelling techniques of this PhD project with his own parameter estimation. Nielsen [16] 
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provided detailed capacitance estimation for 50 Hz, 100 kHz, 682 kHz and 5 MHz. In 
addition he provided a vacuum inductance calculation with disc resolution for a single 
frequency and the resistance and inductance of a disc for several frequencies, taking the 
skin effect and the proximity effect between turns in a disk into account under the as-
sumption that the current in all turns are the same. The model was a lumped element 
model with turn resolution. The positioning of the lumped capacitances corresponds to 
that of a Γ-equivalent (see chapter 3) and the low voltage winding was treated as a 
grounded structure. The resulting model of [16] gave some hints on where the model 
could be improved. In the following section the initial parameter estimation by Nielsen is 
presented. 

6.4.1 Initial capacitance estimation 
The computation of the capacitance matrix C was carried out by Nielsen [16] using fi-

nite element software. The capacitances were partly computed on a turn-basis. In contrast 
to inductance (when the proximity effect is ignored) the capacitance between two turns is 
influenced by other conductors. Thus it was necessary to include all discs in each FEM 
simulation. However, not all turns could be included in a FEM simulation due to the very 
long computation times. Thus discs, which only served as shielding during a capacitance 
computation, were modelled as one solid conductor. The fundamentals are illustrated in 
the following figure. 

 
 

 

 
Figure 6.4.1.1: Fundamentals of capacitance estimation. Here the capacitance between disc 1 and 8 

is estimated. The figure has been distorted so that confidential dimensions are not revealed. The 
figure was taken from [16]. 

 

Couplings between discs are modelled by assuming that the discs are solid conductors. 
In addition capacitance inside and between adjacent discs are simulated on a turn-basis. 
(not shown in the figure) The latter simulation is certainly the most time consuming. In 
[16] access was gained to high performance computing servers. Nevertheless it took three 
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days per frequency to compute a complete capacitance matrix using the energy method. 
The capacitance matrix was computed for 50 Hz, 100 kHz, 682 kHz and 5 MHz. More 
information is given in [16]. 

During this work, the transformer was being constructed. In the mean time the manu-
facturer provided us with the planned geometrical data of the transformer. The capaci-
tance matrix was computed using these data. When the transformer arrived the geometry 
differed from the planned geometrical data, as the manufacturer found it necessary to 
change the spacing between discs in order to allow for the many additional outlets in the 
first disc. As a consequence the spacing between the first and the second disc was in-
creased by approximately 70%. As the disc spacing of the special transformer would have 
to differ some from the normal design, the manufacturer chose to decrease the spacing 
between a few other discs in order to keep the height of the high voltage winding un-
changed from the original design. Thus the total winding capacitance to the grounded low 
voltage winding is approximately unchanged. However, the capacitance between top and 
bottom terminal via disc-to-disc capacitance is altered as capacitances in series cannot be 
added in contrast to capacitances in parallel. 

Due to the late arrival of these data it was not possible for Nielsen to redo the parame-
ter estimation with the new design. Thus the difference between the modelled geometry 
and the actual geometry of the transformer is a source of error. This should be kept in 
mind, as all models of the foil wound transformer in this thesis includes the capacitance 
matrix by Nielsen. 

In addition one of the first data sheets from the manufacturer contained a minor flaw 
so Nielsen arranged the elements in the capacitance matrix under the assumption that the 
upper 5 discs contained 130 turns and that the 8 lower discs contained 129 turns1. The 
actual geometry is opposite in that it is the upper 8 discs which contains 129 turns. This 
difference was initially ignored in the present thesis but was accounted for in the final 
model2. 

6.4.2 Initial inductance estimation 
The inductance matrix (disc resolution) of the complete high voltage winding was 

computed at 50 Hz only and it was based on the same data sheets as the capacitance ma-
trix. However, the self inductance and resistance of a disc was computed for several fre-
quencies between 50 Hz and 5 MHz under the assumption that the current is the same in 
all turns of a disc. As the inductance matrix was computed with disc resolution the cou-
pling factors between individual turns were unknown, and thus it was necessary to assume 
perfect magnetic couplings within a disc in order to compute a corresponding inductance 

                                                           
1 During the field calculations all discs were assumed to have 130 turns. This is regarded as rea-

sonable, as the width of a disc hardly changes by removing a single turn. Nielsen accounted care-
fully for this assumption during the construction of the capacitance matrix. 

2 The inaccuracy of having one more turn in the 8 upper discs of the model accumulates along 
the winding. As the innermost turn in each winding has significantly higher capacitance to the 
grounded low voltage winding, an accumulative displacement of one turn per disc may not be rea-
sonable. This source of inaccuracy should not be confused with the less severe inaccuracy of assum-
ing 130 turns in all discs during the FEM simulation (see previous footnote). 
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matrix with turn resolution. In addition all turn inductances inside a disc where assumed 
equal, corresponding to ignoring the small change in radius throughout a turn. 

Only the disc impedances were computed for several frequencies. Nielsen then as-
sumed that the ratio between self inductance of a disc and the mutual inductances between 
discs were independent of frequency. In this way frequency dependence was introduced 
into the mutual inductances as well. 

6.4.3 Resulting model with initial parameter estimation 
Nielsen compared his model with measurements. An example is given in the following 

figure: 
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Figure 6.4.3.1: Frequency response at outlet 6. The response provides the voltage transfer function 
between voltage to ground at terminal (input) and voltage. The figure is taken from [16] (translated). 

 

The model captures the first two resonance peaks well. Then a few resonances are 
highly damped and above 200 kHz no more resonances are present in the model. In con-
trast the measurements contain a resonance around 500 kHz.  

Before continuing to the improved parameter estimation of this thesis, the comparison 
between measured and modelled input impedance must also be presented. This is done in 
the following figure: 
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Figure 6.4.3.2: Comparison of measured and modelled input impedance. Note that the model takes 

the probe on the terminal into account. The figure is taken from [16]. 

 

Below 10 kHz a low frequency model was applied for the inductances which assumes 
perfect magnetic coupling between turns. The winding inductance in the low frequency 
model was based on permeability measurements carried out on the transformer core. This 
low frequency model is not discussed in this thesis. What is interesting to note, is that the 
input impedance of the model becomes reasonable after the first internal resonance at 60 
kHz, whereas the voltage distribution is reasonable at lower frequencies too.  

6.5 Understanding the frequency response 

6.5.1 The simple model 
Before attempting to improve the model accuracy with time consuming improved pa-

rameter estimation, an improved understanding of the model parameters should be gained.  
In this search for a better understanding, focus was on the internal voltage distribution. It 
was interesting to note, that the first resonance peak in the voltage distribution was com-
puted with good accuracy even though the core was neglected during inductance calcula-
tions. This supported the view of several authors (see initial discussion in chapter 1) that 
the core can be neglected in a high frequency model. Thus the causes of the deviations 
between model and measurements in figure 6.4.3.1 are likely due to other assumptions 
than the assumption of vacuum permeability in the core. 

The following list contains causes, which was regarded as probable at that time: 

- The losses in the model are too big, causing too much damping 

- Perfect magnetic couplings inside a disc 
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- The measurement probes influence on the voltage distribution 

 

In order to investigate whether the high frequency resonance at 500 kHz was caused 
by the measurement setup, a simple parameter estimation was carried out using simplified 
assumptions. In order to avoid too much damping, the resistance was for all frequencies 
set to the DC value, approximately 2 Ω per disc estimated by measurements on the trans-
former. In order to make a simple estimation of the inductance, which does not assume 
perfect couplings within a turn, a formula from MTL theory was applied [36]: 

2

1

v

−

=
CL        (6.5.1.1) 

This formula is only strictly valid in homogeneous media where only one propagation 
speed will be present. In several papers [7,19,40-44] on very fast transient overvoltages 
(VFTO’s) in transformers, the above equation is applied. Due to the assumption of homo-
geneous media and the common assumption of vacuum permeability, the propagation 
speed can be computed: 

00r µεε/1v ⋅⋅=      (6.5.1.2) 

In the foil wound transformer used for verification three dielectrics are present: epoxy, 
Mylar and Voltaflex. In addition air is present too. Thus this approach can never be accu-
rate. Nevertheless it was applied in order to gain a better understanding. Voltaflex was 
ignored as it is only present in the low voltage winding. The applied permittivity was set 
to the mean value of Mylar, epoxy and air: 

683,2)19,38,3(
3
1)εεε(

3
1ε air,repoxy,rMylar,reffective,r =++⋅=++⋅=   (6.5.1.3) 

The model based on this simple inductance computation is in the remaining part of the 
thesis denoted the simple model. 

The frequency response at node 6 is shown in the following figure: 
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Figure 6.5.1.1: Measured and computed voltage response at outlet 6. Voltages are given in p.u. with 
1 p.u. defined as the terminal voltage. The inductance matrix L was based on the relation between L 

and C for homogeneous media [36]. 

 

Even though the frequency response of the simple model is not very accurate, the ten-
dencies are the same: First a series of resonances follow the first resonance. The reso-
nances at lower frequencies have a higher amplitude than those at higher frequencies. This 
pattern continues in the model up to around 200-300 kHz in the measured response and up 
to 300-400 kHz in the model. The response is then resonance free up to around 500 kHz in 
the measured response and up to around 800 kHz in the model. The model resonances 
beyond 1 MHz does not appear in this measurement which is probably due to significant 
damping at high frequencies. However, these high frequency resonances are present in 
measurements close to the terminal. 

This is illustrated in the following figure for outlet 2 corresponding to a position two 
turns inside the high voltage winding: 
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Figure 6.5.1.2: Measured and computed voltage response at outlet 2. Voltages are given in p.u. 
with 1 p.u. defined as the terminal voltage. The inductance matrix L was based on the relation be-

tween L and C for homogeneous media [36]. 

 

Even though this measurement is highly influenced by measurement errors due to the 
very small voltage differences between terminal and outlet voltage, the resemblance is 
obvious. Thus it seems as the frequency response can be divided into two frequency bands 
consisting of several resonance frequencies. The frequency response can be divided 
around 300 kHz for the measurements and around 400 kHz for the model. The two fre-
quency bands are denoted the low and high frequency band respectively. 

Additional understanding can be gained by plotting the voltage distributions at the 
resonance frequencies. When plotting the voltage distribution, it may be chosen to plot the 
maximum values, i.e. the absolute value of the complex voltage, or to plot the voltage 
distribution for a specific phase angle solution, i.e. a specific point in time.  

In the following series of figures both types of plots are given. For the voltage distri-
bution at a given instance, the point in time is chosen such that the terminal voltage peaks 
at 1 per unit. A dot-and-dash grid has been inserted in the positive half-plane so that the 
individual disks stand out clearer.  

Only selected plots are shown. All voltage distributions at resonance are shown in ap-
pendix C. 

 

 

 

 



 

 

 

 

Chapter 6 Parameter estimation and model verification 121 

 

Low frequ ncy band 

Figure 6.5.1.3: Fi : First resonance 

Figure 6.5.1.5: Second resonance   Figure 6.5.1.6: Second resonance 

 

       
Figure 6.5.1.7: Third resonance   Figure 6.5.1.8: Third resonance 

e

      
rst resonance   Figure 6.5.1.4
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Figure 6.5.1 th resonance 

End of low frequency band 

 

High frequency band 

       
Figure 6.5.1.11: 13th resonance   Figure 6.5.1.12: 13th resonance 

 

       
Figure 6.5.1.13: 14th resonance   Figure 6.5.1.14: 14th resonance 

Figure 6.5.1.9: 12th resonance   .10: 12
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Figure 6.5.1.15: 15th resonance   

       
Figure 6.5.1.16: 15th resonance 

 
Figure 6.5.1.17: 18th resonance   Figure 6.5.1.18: 18th resonance 

 

It is interesting to note, that the voltage distribution within a disc is almost perfectly 
linear in the low frequency band. The first resonance is standing half wave. The second 
resonance consists of a full standing wave. The third resonance consists of 1½ full stand-
ing waves etc. In other words, the resonances in the low frequency band occur when the 
length of the winding along the turns equals a multiple of half wave lengths. It is impor-
tant to keep in mind, that the propagation speeds are frequency dependent due to losses 
even though the inductance matrix was estimated assuming constant propagation speed. 

     The 13th resonance, which is the first resonance in the high frequency band, is a 
standing half wave within a disc. The pattern is the same as for the low frequency band: 
Resonance occur in the high frequency band when the length of a disc equals a multiple of 
half wave lengths. Even though the propagation speeds (phase velocities) are somewhat 
frequency dependent, the ratio of between the first resonance frequencies in the high and 
the low frequency band equals approximately the number of discs. The ratio was found to 
equal 13,6 which should be compared to the number of discs which is 13. For the meas-
urements the ratio is somewhat lower, around 7, due to a more significant frequency de-
pendence of the phase velocity. 
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From the above analysis it is obvious that the high frequency resonances are not 
caused by the setup and that the internal resonances can be regarded as standing waves. 
As shown in chapter 3 for a three-conductor transmission line, the velocity depends on the 
leakage inductances. Thus, in order to compute the resonances in the high frequency band 
it is not reasonable to assume that all elements in a disc are perfectly coupled, as this cor-
responds to an infinite propagation speed within a disc which explains why these reso-
nances where not present in the model from [16]. 

6.6 Improving the model 

6.6.1 The influence of current distribution 
The existing resonances in the model of [16] were damped to ch. An explanation 

for this could be that Nielsen assumed that the resistance of a dis d be assumed ap-
proximately independent of the current distribution. Thus Nielsen included the skin and 
proximity effects by assuming that the currents in all turns were the same. Thus the resis-
tance could be placed in the diagonal terms of the resistance matrix R. This assumption 
was regarded as a potential cause of the too significant damping of resonances in the Niel-
sen model.  

In order to make the losses in a disc depend correctly on the current distribution, the 
disc must be represented by a primitive impedance matrix with real values in the off-
diagonal elements. By doing so, the total loss in the system does not only rely on the 
magnitude of currents in each turn but also on the phase displacement between currents. 
For instance, if the currents in conductors A and B induce opposing currents in conductor 
C, the losses in conductor C should be smaller than in a situation where conductor A and 
B produce currents in phase. 

In order to obtain th  program a 
MATLAB script which controls a series of i-symmetric finite element computations in 
COMSOL Multiphysics for direct computation of the elements of the impedance matrix. 
The programming of this script turned out to be a huge task due to mixed numbering sys-
tems in COMSOL Multiphysics. The resulting script is only guarantied to handle a single 
disc of the foil disc type. For the ABB transformer described in the beginning of this 
chapter, this computation took 87 hours per frequency3. This script was applied for com-
puting the impedance matrix of a disc for the following frequencies: 50 kHz; 94 kHz; 125 
kHz; 150 kHz; 172 kHz; 192 kHz; 217 kHz; 246 kHz; 375 kHz; 500 kHz; 585 kHz; 900 
kHz; 1,26 MHz; 2,5 MHz; 5 MHz; 

                                                          

o mu
c coul

e impedance matrix on a turn-basis it was necessary to
ax

 
3 These computations were carried out on 64-bit servers with Unix operating system. The speed 

of these servers was compared to the speed of a standard pc with the following matlab command: 
“tic,k=0;for i=1:1e7,k=k+i;end,toc”. The servers used 18,2 seconds on average for this operation. 
The standard pc used only 7,7 seconds. The standard pc is an Intel Pentium 4, 2800 MHz running 
32bit windows. The effective speed of the servers is thus estimated to that of a similar Intel Pentium 
4 machine running at 1185 MHz. New standard pc’s running at 3800 MHz should thus be able to 
carry out the computation in 28 hours. With dual processors and MATLAB distributed computing 
toolbox, it should be possible to double the speed so that the time consumption becomes 14 hours. 
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Later it was realized that an indirect computation of the primitive impedance matrix 
through inversion of the primitive admittance matrix was much more convenient for the 
programming of scripts controlling COMSOL Multiphysics. Such a script has been devel-
oped. It accounts for arbitrary conductor geometries and it contains a closed core equiva-
lent. This script was utilized later on for inclusion of frequency dependent mutual imped-
ances between discs. The scripts and underlying theory are discussed more thoroughly in 
chapter 4. 

6.6.2 Results of the first improvement 
With the improved estimation of internal disc impedance the model contained capaci-

tances from [16] computed with turn resolution between adjacent discs and disc resolution 
between discs farther away, 50 Hz mutual impedance between dis om [16] (disc reso-
lution) and frequency dependent inductance and resistance of a  (turn resolution), 
taking the skin and proximity effect properly into account. To avoid confusion this model 
is denoted model 1. The model from [16] by Nielsen is denoted the Nielsen model. The 
following figure shows a comparison between model with improved disc impedance and 
measurements: 

Figure 6.6.2.1: Frequency response at outlet 6. Comparison between measurements and model 1. 

 

From the above figure it can be seen that the resonances in the high frequency band 
are included and the 500 kHz resonance is computed with reasonable accuracy. However, 
there is once again too much damping in the model and except for a few resonances, reso-
nance occur at lower frequencies in the model than in the measurements.  
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As the correct inclusion of proximity losses did not influence significantly on the 
damping in the low frequency band, it was decided to test the effect of decreasing the 
permittivity losses. This was done by computing the frequency response again, this time 
with the capacitance matrix C fixed to 50 Hz. Simulations were also carried out with the 
conductor resistances, i.e. the values of the R matrix, set to 50 Hz values. A comparison is 
shown in the following figure: 

 
Figure 6.6.2.2: Three mo  in figure 6.6.1.1. The 
second model has the C matrix fixed at 50 Hz and the third model has the R matrix fixed at 50 Hz. 

 

From the above figure it is clear, that the dielectric losses have a significantly higher 
impact on the amplitude of the resonance peaks, than the conductor losses. 

If losses are huge, the losses may influence the resonance frequencies too as illustrated 
in the figure below. However, the previous figure shows that the losses in model 1 are not 
large enough to cause significant impact on the resonance frequencies. Thus the cause of 
deviations in resonance frequencies must be found somewhere else. 
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Figure 6.6.2.3: Response of model 1 at node 6, compared to a modified model where the “conduc-

tance” of the dielectric was multiplied by five. More precisely ε’’ was multiplied by five. It does not 
matter for the model whether the dielectric losses are constituted by conductive losses or polariza-

tion losses. The measurement of permittivity does not distinguish between these two types of losses, 
though conductivity losses are usually much smaller than polarization losses. 

 

It was regarded as probable, that the high damping of resonance in the model would 
decrease if the cause of incorrectly estimated resonance frequencies were found. 

However, as model 1 captured the first two resonances of the low frequency band rea-
sonably, as well as the first resonance of the high frequency band, it was decided to apply 
model 1 for the additional investigations which should be carried out. The reader should 
thus be aware that the transient simulations and  subsequent 
chapters were carried o

The next section deals with the discrepancies which are introduced by applying 
lum
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ped elements models with turn resolution instead of MTL models with turn resolution. 

6.6.3 Influence of lumped elements and modelling of VFTO 
Relevance 

Several papers [7, 19, 38,41-44] concerns modelling of transformers exposed to very 
fast transient overvoltages (VFTO). Though “very fast transients” are not clearly defined, 
it appears as transients containing significant MHz components are regarded as very fas

41] rise times of 0,1µs were regarded as probable. In [42] verification is made up to 5 
MHz. In [121] switching transients produced in the lab with a vacuum circuit breaker 
resulted in oscillations at the terminals of a dry type transformer, oscillating at 2-3 MHz. 
In [40] the model is exposed to rise times of 60 ns, which corresponds to a model band 
width of 5,8 MHz according to the rule of thumb in chapter 3. In [123] rise times as short 
as 10 ns in GIS were reported. This corresponds to 35 MHz. Thus there is definitely a 
need for transformer models at higher frequencies than the measured 5 MHz, perhaps 
even up to 100 MHz. In relation to very fast transients it should be mentioned that the 
radio frequency spectrum VHF (v

 30 MHz to 300 MHz followed by UHF (ultra high frequency) [122]. So the term 
VFTO may be quite appropriate. 
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Simulation of VFTO is usually carried out with linear MTL models (see chapter 2-4) 
and time domain responses are computed indirectly via the frequency domain. The ques-
tion is: when it is necessary to apply transmission line models based on MTL theory? As 
the time domain response for VFTO-studies are always based on frequency domain model 
there is no need to apply a time consuming MTL model at frequencies where a lumped 
element model performs just as good. Though there exists some rules of thumb on this 

iven with transformers in mind. Thus lumped element 
ls MTL model for selected positions in the transformer. 

m fix the capacitance matrix to the 100 
lu Hz. Thus resonances should be visi-

ble

mputation of turn-to-turn voltages as two adjacent nodes are only separated 
by 

. 

issue (see chapter 3), they are not g
mode  have been compared to the 
As the odel is too highly damped, it was chosen to 
kHz va e and the impedance matrix of a disc to 50 k

 for detection. The lumped element models are named after the method of lumping the 
capacitance in order to get an idea whether a Π, Γ or T model is most appropriate. 

Model performance 

It turns out, that the frequency at which MTL models with turn resolution becomes 
necessary, depends a lot on the transfer function of interest. The worst case must necessar-
ily be the co

a single Π- or Γ-equivalent. The following plot shows the voltage transfer function for 
the voltage across the first turn. Note that the MTL model is rather time consuming and 
thus it has been modelled for limited frequency bands which have been merged after-
wards. To demonstrate the validity of the MTL model, the MTL and a lumped Π model 
are first compared for the two frequency bands discussed earlier: 

 
Figure 6.6.3.1: Voltage across the first turn computed with an MTL model and a lumped elements 

model with turn resolution. Here the previously discussed low and high frequency bands are shown
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The models give practically the same response up to 5 MHz. The same is the case for a 
Γ-model. At higher frequencies the transmission line properties of the MTL model be-
comes active. For the discussion in this chapter it becomes appropriate to introduce some 

a igh frequency bands will be abbreviated 
e frequency band where the transmission 

line

 
Figure 6.6.3.2: Voltage across the first turn computed with an MTL model and a lumped elements 
model with turn resolution. The end of resonance in the HF band can be see to the left. The first 

resonance in the VHF band peaks around 65 MHz. 

 

 
aro 3-5 MHz. In the Π-model only a single resonance is present in the VHF band, 
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, it is uncertain 
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abbrevi tions. The previously defined low and h
the LF and HF band respectively. In addition, th

 properties of a single turn becomes important, is denoted the very high frequency 
(VHF) band. 
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In the figure above, the resonances of the HF band can be seen to die out somewhere
und 

d 43 MHz. This is the final resonance in the Π-model and it resembles the first reso-
nance in the VHF band of the MTL model which peaks around 65 MHz. Beyond 65 MHz 
several resonance occur. Similar to the LF and the HF band, the main peak (100 MHz) is 
followed by a decaying sequence of similar resonances. However, even if the parameters 
of the model were estimated with very high accuracy at these frequencies

ether the response is reliable. It is important to keep in mind, that even multiconductor 
transmission line models have a maximum frequency.  The model becomes invalid when 
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the distance between conductors is so low, that the delay of electromagnetic waves travel-
ling perpendicular to the turns becomes significant. 

As a worst case estimate, lets assume that an electromagnetic wave travels through the 
dielectric from the a turn in the uppermost disc to a turn in the lowermost disc. The wind-
ing height is close to 0,5 m. Using an average of the relative permittivity of Mylar and 
Epoxy, the average relative permittivity is 3,5. Assuming vacuum permeability, the 
propagation speed is: 

s/m106,1
5,3

s/m103
ε
c

µεε
1

µε
1v 8

8

r00r0
dielectric ⋅=

⋅
==

⋅⋅
=

⋅
=  (6.6.3.1) 

 

The frequency where the wave length equals the height of the winding is: 

MHz320
m5,0

s/m106,1
λ

v
f

8
dielectric =

⋅
==    (6.6.3.2) 

 

Here c equals the speed of light. Using the standard rule of thumb, i.e. 10 wavelengths 
per lumped element, the MTL model becomes inaccurate already at 32 MHz. This was a 
worst case estimate where the electromagnetic wave propagates outside the conductors 
but inside the dielectrics. A best case estimate is found by letting the propagation speed 

M  
be affected already at 1/40 of a wave length hus a very pessimistic worst case proposal 
for the upper bandwidth of the lumped mo ⋅32 MHz = 8 MHz. Still the model 
beh

umped elements 
models begin to deviate significantly as this determines the upper band width of the 
lumped element models. 

Zooming in on the previous figure results in the following plot: 

equal c. As c is approximately twice the value of vdielectric, the best case estimate is 64 
Hz. However, in [36] references were mentioned which reported that MTL models may

. T
del is ¼

aviour is likely to resemble the behaviour of the real transformer some above the worst 
case frequency though the accuracy begins to be affected. 

It is difficult to conclude anything certain from these numbers except that the MTL 
model becomes increasingly inaccurate in the MHz region and that the MTL model at 
some frequency will become totally invalid. 

More important is it to find out, at which frequency the MTL and the l
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 Figure .6.3.3: Zoom of figure 6.6.3.2. The Π-model catches the small resonances 
e small resonance at 10 MHz. The MTL model starts to deviate signifi

 6 in the HF band 
cantly above 20 

MHz. 

 and Γ-
model. 

including th

 

 

The above figure illustrates that the Π-model contained the resonances up to the first 
frequency in the VHF band but that the increase in deviation accelerates when the first 
resonance in the VHF band takes over around 20 MHz. The following figure shows the 
voltage to terminal at the outermost turn of the uppermost disc: 

 

Figure 6.6.3.4: Voltage between turn 129 and terminal. Model response for MTL model, Π
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This time the lumped models are quite accurate at higher frequencies than before. At 
50 

that case the Γ-
model will produce VHF oscillations which differ from those in an MTL model. In con-
trast, the Π-model will simply behave as if a transient with longer rise time had arrived at 
the terminal. In this case the Π-model provides the wanted result in contrast to the Γ-
model. In addition the time response of the Γ-model will take significantly longer to com-
pute when a variable step solver is applied. In this relation it must be mentioned, that 
“fake” resonances can be removed artificially by modifying the frequency response 
manually if the time domain response is obtained through the frequency domain. 

The last comparison between the MTL model and lumped elements models involves 
all the three lumped elements models described in chapter 3: The Π-, Γ-, and T-model. 
Note that the T-model yields the voltage at the centre of each turn instead of at the ends of 
each turn as the Π- and Γ-models do. The comparison is done for the voltage to ground at 
the centre node. Thus the half turn displacement of the nodes in the T-equivalent should 
not be of significant importance for the comparison. 

 

 
Figure 6.6.3.5: All three lumped element models  (Π, Γ and T) compared with the MTL model. 

 

MHz the deviation has increased to 35%. Depending on the required accuracy, the 
maximum frequency range of the lumped models may for this transfer function be re-
garded as less than 50 MHz. None of the models are capable of modelling the resonance 
frequencies in the VHF band accurately. However, in a transient simulation, the user of 
the Π-model does not have to consider whether a high rise time of a transient will trigger 
any “fake” resonances outside the valid frequency band of the model, such as the two 
resonances present in the Γ-model. This can be an advantage in continuous time simula-
tion programs where an ideal breaker may produce uncontrollable rise times with fre-
quency components outside the valid frequency range of the model. In 
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From the above figure it can be seen that the Π-model again does not provide reso-
nances in the VHF band, which makes it the most appropriate lumped model. The T-
model is the first to deviate (somewhere between 10 MHz and 20 MHz) and thus the T-
model has a smaller band width. On the other hand it provides the first two resonances of 
the VHF band (45 MHz and 63 MHz) though the resonance frequencies are underesti-
mated. This seemed to be a general pattern for the T-model. Thus the frequency where the 
T-model and the Π-model starts to deviate equals a (worst case)  estimate of the frequency 
where MTL theory becomes a necessity. 

 

Summing up on lumped elements and MTL 

To conclude on the use of MTL models, it is difficult to specify a specific frequency 
where the lumped elements models become invalid for a given transfer function, as it is a 
compromise of quality until the first VHF resonance frequency has been reached. How-
ever, in the most critical transfer function, i.e. for turn-to-turn voltage across the first turn 
(figure 6.6.3.3), MTL models are required above approximately 20 MHz. The frequency 
where MTL models become needed can be estimated as the frequency where the T- and 
Π-model starts to deviate, as the Π-model is the most accurate. 

Due to negligible discrepancies of using lumped elements below 20 MHz, the use of 
lumped elements cannot explain the deviations in model 1. Thus for improving the pa-
rameter estimation further, work with the Π-model is continued. 

6
The voltage distrib nt couplings to other 

pha s can be found with three identical single phase models if the terminal voltages are 
kno
on 

.6.4 Model verification on ∆-connected transformer 
utions of a linear transformer without significa

se
wn. Common flux mainly adds to magnetizing impedance which should not influence 
the resonance frequencies which are determined by leakage inductance. More over the 

influence of the core is usually regarded as insignificant at high frequencies. Though these 
assumptions are commonly applied in the literature, it was decided to test whether the 
model would also provide good results when currents are running in all three phases. 

Thus it was decided to carry out a measurement on the transformer in ∆-connection. 
The following figure shows the setup: 
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Fig

is was done with a differential probe. The measurement equip-
ment was the sam he applied voltage at 
the ottom terminal (outlet 
14). These two terminal voltages were used as input for the model which then provided 
the internal voltages to ground according to formula (4.3.5.1). Knowing the terminal volt-
age V1, the voltage to terminal can be computed. It must be emphasized that it is impor-
tant to keep track of the phase. For instance, if the voltage at the terminal and the voltage 
at an outlet both are 1 p.u., but these voltages are displaced 180°, the voltage difference is 
2 p.u. The following outlet provides the voltage at the outermost turn of the first disc: 

ure 6.6.4.1: Fundamentals of measurements when transformer is connected in ∆. Input voltage is 
terminal voltage to ground and output voltages are outlet voltages to terminal measured with differ-

ential probe. 

 

It was decided to measure the voltages between outlets and terminal for better accu-
racy of these voltages. Th

e as described in the beginning of this chapter. T
 terminal (outlet 1) was measured as well as the voltage at the b

 
Figure 6.6.4.2: Position of outlet 7. Corresponding frequency response in next figure. 
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The corresponding frequency response of model 1 and measurement is shown below: 
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Figure 6.6.4.3: Voltage response between outlet 7 and terminal when 1 p.u. voltage to is 

 

 ground 
applied at the terminal. 

Note how the low frequency resonance around 3 kHz is captured accurately, even 
though it is caused by the resulting magnetizing impedance of all three phases and the 
capacitance to ground. This is because the internal voltage distribution in the winding is 
linear. Note also that the anti-resonance around 40 kHz is present when the winding is 
grounded and as such it has nothing to do with floating or ∆-connected windings. This 
anti-resonance is not visible when voltages to ground are plotted which is why it cannot 
be seen in all previous frequency sweeps. The 40 kHz anti-resonance can also be noticed 
in the turn-to-turn voltages in figure 6.6.3.1 and thus it is an internal anti-resonance which 
should be regarded as a part of the resonances in the LF band. 

It has now been demonstrated that the model also works well when the transformer is 
connected in ∆. Additional plots are shown in appendix D. The deviations above 1 MHz 
are likely to be caused by the differential probe. The deviations between a ∆-connected 
model and measurements in the LF band are similar to those of a grounded winding. Thus 
the model performance of a ∆-connected transformer is likely to improve if the modelled 
voltage response of a grounded winding, such as in figure 6.6.2.1, is improved. Thus for 
further development of the parameters, only the grounded winding response is considered. 

 

 



 

 

 

 

136 Parameter estimation and model verification Chapter 6 

 

6.6.5 Second model improvement – model 2 
The initial inductance computation by Nielsen was based on incorrect information of 

distances between discs. It was then attempted to improve the model by re-computing the 
mu al impedances between discs. 

The MATLAB/COMSOL script mentioned in section 6.6.1 for computing the primi-
tive impedance matrix indirectly via inversion of the admittance matrix was applied to 
account for incorrect distances between discs. This computation was done with each disc 
represented as a solid conductor. This computation will overestimate the losses and thus 
only inductances were applied from this computation. The computation was done for 50 
logarithmically spaced frequencies between 104 and 107. The computation takes less than 
a minute per frequency. 

Thus for each frequency a 13-times-13 inductance matrix is obtained. An initial turn-
to-turn inductance matrix was then constructing by assuming perfect couplings within all 
discs. This practically means that the inductance matrix contains 132 = 169 blocks and that 
all elements in a block are identical. Subsequently the detailed disk impedance matrix of 
model 1 was included in the block diagonal. This was done in such a way, so that the self 
inductance of each disc remained unchanged in order to leave the leakage inductance 
between discs unchanged too. The best way to describe how this was done is probably to 
present the corresponding pseudo-code statement for a disc with 130 turns: 

Ldisk = LdiscNoLeakage + LdiscWithLeakage – sum ( sum ( LdiscWithLeakage ) )/1302  (6.6.5.1) 

Here Ldisk is a diagonal block of the total L-matrix, LdiscLeakage is the detailed induc-
tance matrix of a disc with internal leakage inductance and LdiscNoLeakage is the disc indu
tance m
tio d 
inductance matrix are subtracted to leave the self inductance of a disc equal to that found 
fro

with disc resolution and leakage inductances 
ithin a disc are identical to those of model 1. The resistance matrix and the capacitance 

itance matrix is still based on 

tu

c-
atrix without leakage inductance internally in a disc, found from the just men-

ned FEM simulation with disc resolution. Finally the sum of all elements in the detaile

m the FEM simulation with disc resolution. 

This approach is applied, as it turns out that the self inductance of a disc computed in 
FEM depends quite a lot on the size of the model area, at least compared to the size of 
leakage inductance. The reason for this is that FEM simulations always are bounded prob-
lems and thus there is always a small part of the self inductance which is ignored. In con-
trast the leakage inductances quickly converge when the model area is expanded. 

To sum up, model 2 contains inductances based on correct distances between discs. 
Couplings between discs are computed 
w
matrix are also equal to those of model 1. Thus the capac
incorrect distances between discs. 

A result of model 2 is plotted in the following figure: 
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Figure 6.6.5.1: Voltage response at node 7. Model 2 and measurements. 

 

With model 2 even the first resonance frequency is not estimated accurately and the 
damping in the model is still much too big. The explanation for a decreased accuracy 
when going from model 1 to model 2 is most likely that the propagation time through a 
winding of the original design and the propagation time through a winding of the resulting 
modified design is the same as the capacitance to the low voltage winding and the height 
of the winding is the same. This can explain why Nielsen computed the first peak with 
good accuracy. However, if only the inductance computation is corrected for the firs

6.6.6 Third model improvement – Model 3 
he previous section the inductance matrix has been re-computed with the correct 

105 106

0.5

t 
applied incorrect design the propagation speed will change. An additional correction to 
the capacitance matrix is thus required. 

In t
distances between discs but the capacitance matrix is still based on incorrect distances. In 
addition the geometry was mirrored as the first obtained data sheets had mixed the number 
of turns in the upper and lower discs as described in section 6.4.1. However, there was not 
time to write a script for an electrostatic FEM calculation. Instead corrections were ap-
plied to the computed capacitance matrix. 

First an exact correction was given to account for the numbers of turns in each disc. It 
is simply a renumbering of the turn numbers. It was the eight upper discs and not the eight 
lower discs which contained 129 turns. Luckily the FEM geometry in [16] is symmetric 
around the 7th disc, so the geometry should at first just be mirrored corresponding to re-
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versing the order of rows and columns in the capacitance matrix. This can be done by left- 
and right- multiplication with a simple permutation matrix equal to a laterally reversed 
unit matrix. There is one important difference between the top and bottom of the dry type 
transformer though: In the top the terminal is connected to the innermost turn of the disc 
whereas the terminal is connected to the outermost turn in the bottom. Thus, when the 
geometry is turned upside down via a laterally reversed unit matrix it is important to re-
verse the order of the turns internally in each disc too. The reason for emphasizing these 
operations is that this improvement of the model is not approximate but corresponds ex-
actly to a situation where the right number of turns had been available from scratch. 

The resulting permutation matrix is illustrated below: 

 
Figure 6.6.6.1: Permutation matrix for correcting the turn numbers so that the upper eight discs 

contain 129 instead of the lower eight discs. White dots are ones, black elements are zero. 

 

After correcting the number of turns in each disc, the incorrect distances were ac-
counted for. This was done in the simplest manner possible: It was assumed that capaci-
tances representing capacitance between adjacent discs were inversely proportional to the 
distance between adjacent discs which is the case for capacitance between closely spaced 
co -
bly produce better results but it is ce for correcting the capacitance 
ma x. All incorrect distances between adjacent discs were corrected in this manner. The 
improvement was significant. The model is denoted model 3. For comparison with model 
2 in
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Figure 6.6.6.2: Measurements and model 3 compared for outlet 7. Remaining plot in appendix F. 

 

The resonance frequencies of model 3 are computed with much better accuracy than 
with model 1 and 2. In addition the damping has been reduced. Thus precise estimation of 
the L and C matrix can improve the damping of resonances significantly. 

Outlet 7 is somewhat special in that it terminates disc 1. Thus the first resonance in the 
HF band at 500 kHz, constituted by standing half waves across each disc, can hardly be 
seen. To demonstrate the accuracy in the HF band, the response of outlet 5 close to the 
middle of disc 1, is shown below. The voltage to terminal is plotted. 
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Figure 6.6.6.3: Measured and modelled voltage to terminal for outlet 5. 

 

The model catches all resonance frequencies quite accurately and the damping has 
been decreased significantly though the damping is still to high compard to measure-
ments. As it has been found, that improved L and C parameters may influence signifi-
cantly on damping too, it is tested in the next section, whether the probe capacitance plays 
a significant role. 

6.6.7 Ac
 chapter 4 it was shown with equation (4.2.7.8), how the probe capacitance could be 

acc

This is illustrated in the following figure: 

 
 

counting for probe capacitance during verification 
In
ounted for as a post-processing step so that it was not necessary to account for this in 

the model, as this would require that a new model should be computed for each outlet. It 
is practical for the discussion in this chapter to denote the model with varying probe posi-
tion model 4. 

The effect of probe capacitance can be tested for all 1682 nodes. This was done at fre-
quencies around the first resonance frequency. The result supports the assumption that the 
“banana shaped” resonance present in the measurements (see figure 4.2.7.1) is caused by 
the probe capacitance.  
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Colour representation of amplitudes in transformer around 1st resonance frequency 

 with some representative plots. 
Com F. 

First some good results (majority): 

 
Figure 6.6.7.1: Modelled first resonance with (model 4) and without (model 3) taking the probe 

capacitances into account. The colour represents the amplitude. 

 

Thus as presumed the probe capacitance shifts the resonance down in frequency and 
the influence is most significant at the middle of the winding where the voltage amplitude 
is higher. 

The influence of the probe capacitance is demonstrated
parisons for all probe positions are given in appendix 

    
Figure 6.6.7.2                             Figure 6.6.7.3 
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    Figure 6.6.7.4                             Figure 6.6.7.5 

 

     
Figure 6.6.7.6                             Figure 6.6.7.7 

 

  

 
Figure 6.6.7.8                             Figure 6.6.7.9 
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Figure 6.6.7.10                             Figure 6.6.7.11 

 

Most resonance frequencies are captured quite accurately though the maximum peaks 
are still damped too much. The probe capacitance tends to increase the resonance peaks 
and for most responses the deviation between model and measurements is increased when 
the probe is accounted for, i.e. model 4 performs better than model 3 during verification. 
Of course, only model 3 should be applied for applications such as computing internal 
fields. 

A few of the responses deviated quite a lot in some frequency ranges. Some examples
are given below: 

 

 

     
    Figure 6.6.7.12                             Figure 6.6.7.13 
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  Figure 6.6.7.14                             Figure 6.6.7.15 

 figure 6.6.7.12-13 the high frequency range contains significant deviations between 
model and measurements whereas the low frequency range is the most critical in figure 
6.6.

d some by a more accurate probe model. However, the most important cause 
for

 

In

7.14-15. 

In the high frequency range capacitance becomes very important and the response may 
be improve

 the deviations is presumably that the signal generator produces harmonics. This is 
illustrated with a figure from [16]: 
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Figure 6.6.7 ol ge at terminal an rminal. Sig-
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The left figure shows the output signal from the amplifier measured at the transformer 
terminal. Nielsen noticed that the least squares fitting of the sinusoidal signals from the 
amplifier became less sinusoidal at higher frequencies. It was also noticed that the wave 
forms became distorted far away from the terminal at high frequencies. Thus the generator 
and/or amplifier produce harmonics in the high frequency region. Unless the transfer 
function, which gives the ratio between terminal voltage and voltage at outlet 13, is flat 

.16: Measured v ta d outlet farthest away from the te
nificant h rm t in the measurement. 
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distortion will occur when harmonics are present. In figure 6.6.7.12-13 resonances can be 
spotted in the MHz range. It is possible that this resonance frequency exists in the meas-
urement setup. Such a resonance will distort the signal even further. The further a travel-
ling wave travels down a line, which distorts the wave form, the more will the wave form 
deviate from its original shape. This can explain why the accuracy far away from the ter-
minal is bad in the high frequency range. Thus it is possible that the deviation, which is 
mainly present far away from the terminal, mainly is caused by shortcomings in the meas-
urement setup. 

The main cause of deviations in the low frequency range in figure 6.6.7.14-15 is defi-
nitely measurement inaccuracies. It should be noted, that these inaccuracies are not pre-
sent in the voltage to ground response but only in voltage to terminal response. The meas-
urement result in figure 6.6.7.14-15 is obtained by measuring the voltage to ground at the

inal (outlet t 2, two turns awa lues are very 
p.u. These re re then used to com  

 a transfer function expressed in p.u. by defining the terminal voltage as 1 p.u.): 

 
term  1) and at outle y from the terminal. Both va
close to 1 sults a pute the voltage to terminal (actually this
is

alminter

2outlet
.u.p,2outlet U

UU =      (6.6.7.1) 

Though model 3 and 4 was not computed in this frequency range, it is very easy to 
compute the theoretical response at 50 Hz where the voltage distribution is linear due to 
the high permeability at this frequency. The theoretical transfer function at 50 Hz should 
equal 1-1680/1682 ≈ 10-3 (p.u.). As the measurements provide the transfer functions by 
computing the ratio of two voltages at approximately 1 p.u., the measured transfer func-
tion will be in the range 100% or more if the measurement errors are 0,1%. Thus it is 
understandable that measurement errors occur at outlets close to the terminal. A way to 
improve the measurement would be to measure the voltage between outlet 2 and terminal 

ectly with a differential probe. However, ue to the very small voltage drop from ter-
minal to outlet l v ltage must be  the voltage 
with standard di es. 

7 Chapter summary 
The modelling techniques have been verified by measurements on the high voltage 

winding of a foil disc wound dry type transformer. The parameter estimation turned out to 
be very time consuming and thus some assumptions have been applied to speed up pa-
rameter computations The increased speed was obtained by assuming that couplings be-
tween discs can be determined with FEM simulations with disc resolution. Subsequently 
the parameters from a detailed disc model with turn resolution were merged with the disc 
resolution parameters to provide the parameters for the turn resolution model. The speed 
increase can be obtained which utilize that the transformer contains discs. These discs 
may consist of foils as well as circular conductors. 

The parameter estimation started out with the parameters supplied by Nielsen [16]. 
The final model utilizes the capacitance matrix from [16] though the capacitance matrix 
has been modified to account for changes in transformer geometry (more details in section
6.4.1). It was fo difications imp gnificantly. 

dir  d
2, the termina o quite big in order to measure
fferential prob

6.

 
und that these mo roved the model behaviour si
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In addition an improved inductance and resistance computation, based on the correct 
geometry, was developed for better accuracy and inclusion of the resonances in the HF 
band. The list below summarizes the final parameter estimation. All frequency dependent 
effects were included with linear interpolation between frequencies. 

- Capacitance matrix4 (four frequencies) with turn resolution inside discs and be-
tween adjacent discs – otherwise disc resolution. Dielectric losses included. 

- Inductance matrix (50 frequencies) with disc resolution – provides leakage effects 
between discs. 

- Impedance matrix of disc (15 frequencies) with turn resolution – accounts for 
skin- and proximity effects and provides leakage inductances within a disc. No 
loss terms outside disks. 

- Parame d in the final m  
matrix, were computed with FEM for a geometry with internal distances deviat-
ing up to 70% from the actual transformer design. In the present thesis the capaci-

rectly. 

ime consumption 

- Capacitance matrix: 3 days per frequency using energy method and HPC servers. 

- Turn resolution impedance matrix of a disc: 87 hours per frequency (1200 MHz)  

- Disc resolution inductance matrix: Less than 1 minute per frequency       (standard pc) 

To accurately include resonances at very high frequencies (VHF above 30 MHz) it 
was necessary to apply multiconductor transmission line (MTL) theory. However, in the 
worst case the lumped Π-model began to deviate significantly from the MTL model al-
ready at 10-20 MHz. it was found that in order to estimate the frequency where transmis-
sion line models become a necessity, a lumped Π-model can be compared to a lumped T-
model with the same amount of capacitance. The frequency where these two models be-
gins to deviate provides a reasonable worst case estimate of the frequency where MTL 
models of turn resolution are needed, as th -model followed the MTL model higher u

requency. T ecessary to const te this fre-
ncy. 

                                                          

ters from [16] use odel, i.e. the elements of the capacitance

tance matrix has been corrected with the simple assumption that the capacitance 
between adjacent discs are inversely proportional to distance5. 

- Frequency band: From less than 50 Hz to 5 MHz. Can be extended if parameters 
are computed above 5 MHz. The transmission line model must be applied from 
somewhere between 10 and 20 MHz to model resonances in the VHF band cor-

 

T

e Π p 
in f hus it is not n ruct an MTL model to estima
que

 
4 Supplied by Nielsen in [16] and modified in the present thesis due to differences between 

planned and final transformer construction. 
5 In addition the order of rows and columns in C has been rearranged to account for the correct 

number of turns. This rearrangement provides an exact correction to the C matrix unlike the as-
sumption of proportionality between capacitance and distance which is an approximation. 
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The final model (model 3) is regarded as quite accurate but model 4 which accounts 
for the position of the probe capacitance was needed for improved model verification as 
the measurement probes influence on the measured response. Very close to the top and 
bottom of the HV winding significant measurement inaccuracies were present. Thus it is 
has not been verified that the model works well at these internal positions, though it seems 
very likely. 

Besides obvious measurement errors some probable causes for deviations between 
model and measurements could be: 

- Most parameters are estimated with disc resolution. 

- Capacitance correction for incorrect distances in FEM simulation is very simple 

- Core and low voltage winding neglected 

ore and l ng influence is examThe c ow voltage windi ined in chapter 8. 
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Chapter 7  

From voltage distribution to 
transient electrical fields 
7.1 Overview 

Transformers are commonly subjected to high frequency transients, which stress the 
electrical insulation. With detailed high frequency transformer models such as the model 
in the previous chapter, the internal transient voltage response can be predicted for any 
frequency within the bandwidth of the model. However, such models do not predict the 
actual electrical fields which causes breakdown of the insulation. For simple geometries 
the field can be computed by hand, using simple assumptions. Unfortunately insulation 
breakdown tends to occur around spiky corners and thus numerical field calculations 
become a necessity in the general case. This chapter demonstrates the computation of the 
electric field distribution in the time domain using known voltage distributions as input.  

The procedure is fundamentally as follows: 

1. Select which part of the geometry to model. 

2. Select position, amplitude and waveform of exciting transients, e.g. steep fronted 
wave arriving at the terminal. 

3. Compute the frequency domain transfer function matrix for the relevant part of 
the geometry, for instance the transfer function matrix which, multiplied with the 
excitation signal, provides the voltages at all turns in the reduced geometry se-
lected for study. For voltage excitation this is done with equation (4.3.5.1). 

4. Perform vector fitting [9] on the transfer function matrix. For improved fitting the 
improved vector fitting algorithm of [88] is applied. Apply common poles for all 
elements to obtain a faster time domain model. The output of the vector fitting al-
gorithm is a state space model. 

5. Expose the state space model to the excitation transients in a time domain simula-
tion to obtain all output voltages in the time domain. This is done with Simulink. 

6. From the above mentioned Simulink simulation the voltages at all turns were 
computed for each time step. All values were stored for each time step. Thus for 
each time step an electrostatic FEM simulation can be carried out to provide the 
distribution of the electrical fields in the geometry under study. Fields of interest 
are stored before the next time step is carried out. 

It must be noted, that the above mentioned method does not take frequency dependent 
permittivity into account. Instead, when relevant, it is possible to include nonlinear phe-
nomena by changing the material parameters in between time steps. In order to account 
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for frequency dependent permittivity, quasi-static FEM simulations should have been 
applied for several frequencies instead, in order to obtain the transfer function for the 
electrical fields in question. Then the transfer functions of the electrical fields, using the 
excitation transient as input, could be computed instead. Subsequently vector fitting could 
be performed on this transfer function matrix and the transient fields could be computed in 
Simulink. Due to several assumptions e.g. including an axi-symmetric inlet conductor, the 
model serves mainly as a demonstration of the technique, so it has not been attempted to 
evaluate the accuracy of these field simulations. 

7.1.1 Geometry of study 
The geometry under study is the upper disc of the transformer. Axi-symmetric field 

calculations are applied, though this will inevitably influence some of the fields. The inlet 
to the first turn in the transformer passes across the first turn as shown in the figure. On 
some transformers, once the inlet conductor is out of the dielectric it turns 90° and passes 
vertically parallel to the surface of the dielectric. This is also shown on the figure.  

Inlet conductor on constant
potential including first turn

Epoxy

Epoxy/air
(variable)

Uppermost
disc

 
Figure 7.1.1.1: Geometry under study. Note that the FEM model is axi-symmetric. 

 

The charge is assumed to lie on the surface of all conductors, so the interior of the 
turns is outside the model area: 

 
Figure 7.1.1.2: The Mesh close to the rightmost corner of the upper disc. 
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The dielectric insulation has been split in two to test the effect of removing a piece of 
dielectric material. This operation is expected to decrease the electrical field around the 
corner of the assumed critical outermost turn, i.e. the rightmost turn in the geometry. 

Any real object contains a curvature. If the conductors are perfectly square as in this 
simulation, almost infinite fields can occur in a simulation close to the corner of a turn. 
Thus the electrical fields should be computed some distance away from the corner, pref-
erably several mesh elements away, otherwise the computed field will be very sensitive to 
small changes in the mesh and the result becomes sort of random. One way to come 
around this problem is demonstrated below: 

A line is inserted in the geometry for post-processing. The position of the line is 
shown in the following figure: 

 

 
Figure 7.1.1.3: Line inserted for post processing. 

 

To test if the meshing is sufficient, the line can be plotted together with the mesh as 
shown in the following figure: 

 

 
Figure 7.1.1.4: The line can slightly be seen approximately one mesh triangle away from the 

sharp corners of the ideal rectangular conductors. At least two is recommended for accurate compu-
tation but for demonstration purpose this was regarded as sufficient. 

 

It can be seen, that the meshing is insufficient for accurate computation. Some initial 
computations could be carried out to examine the sensitivity to the meshing and a suffi-
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ciently dense mesh could be found. However, no more effort was put into the meshing as 
the point is simply to demonstrate the fundamentals. 

7.1.2 Applied wave form 
It was chosen to subject the upper disc to a steep-fronted wave. The front was simu-

lated as a simple ramp. The rise time was selected in accordance with the rule of thumb 
(see chapter 3): trise = 0.35/fmax. The band width of the lumped model (model 1 described 
in chapter 6) was assumed to equal 50Hz to 20 MHz assuming the parameters are esti-
mated correctly. 

Thus the maximum rise time the model must be exposed to, is: 

trise = 0.35/20MHz = 17,5 ns    (7.1.2.1) 

 

 The excitation transient at the terminal is shown in the figure below: 

 
Figure 7.1.2.1: Applied transient on terminal. Rise time was found with the rule of thumb: trise = 

0.35/20 MHz  = 17,5ns. 

 

7.1.3 Vector fitting on transfer function 
The input for the FEM model is the turn voltages and the voltage at the inlet which is 

assumed to equal the voltage at the first turn. The most simple choice would then be to 
vector fit the transfer function matrix which supply the turn voltages with respect to 
ground. However, fitting errors are always present. As the electrical fields of interest are 
caused by voltage differences between terminal and the upper disc, it is more important to 
compute the voltage to terminal accurately than the voltage to ground. Thus it was chosen 
to compute the transfer function matrix which gives the voltage of each turn with the 
terminal voltage as reference. 
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It was decided to fit the transfer function matrix with 100 common poles. It required a 
lot of RAM to do the vector fitting as the equation system is pretty big. However, the 
computation did not take long and the resulting model is much faster than a model where 
each element of the transfer function matrix is fitted with its own private poles. The accu-
racy may be better with private poles but the resulting fit was excellent even with com-
mon poles. With the common poles model the time domain simulation of a complete disc 
took less than 20 seconds so this is definitely not a bottleneck in the complete process for 
finding the internal fields under transient exposure. 

The following figures are examples of the fitted elements of the vector fitted transfer 
function: 

 

 

Figure 7.1.3.1: Vector fit at the outermost turn (node 129). The capacitance was lumped as a Γ-
model which causes the inaccurate transmission line transient at 100 MHz but this peak is not accu-
rate so the model should not be exposed to such high frequencies. If the model response was flat, the 
user did not have to worry about the exact rise time as a high rise time would only produce transient 

oscillations corresponding to the resonance frequencies below 1 MHz. 

 

Zooming in on the resonances within the 20 MHz band width of the model gives the 
following result: 

100 102 104 106 108 1010
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
Vector fit on transfer function of node129

Frequency [Hz]

vo
lta

ge
 to

 te
rm

in
al

 [p
.u

.] 
w

he
n 

th
e 

te
rm

in
al

 v
ol

ta
ge

 e
qu

al
s 

1 
p.

u.

State space model
Model 1



 

 

 

 

154 From voltage distribution to transient electrical fields Chapter 7 

 

 
Figure 7.1.3.2: Zoom of figure 7.1.3.1. 

 

From the figure it can be seen, that the resulting state space model behaves with very 
high accuracy as model 1 in the fitted frequency range. 

 

7.1.4 Time domain response of state space model 
The state space model is now exposed to the terminal transient. The voltage at each 

turn is for each time step given as output with ground as reference. The terminal voltage is 
then added to the computed voltages to convert them into voltage to ground. The resulting 
voltages a function of time is shown in the figure below: 

 
Figure 7.1.4.1: Time domain response of the turns of the upper disc 
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The density of curves is very high. Thus the voltage at the outermost turn (turn 129) 
and the source voltage are highlighted: 

 

 
Figure 7.1.4.2: Time domain response of the turns of the upper disc. The source voltage (turn 1) and 

the outermost turn (turn 129) have been highlighted. 

The outermost turn was found to produce the highest voltages in the disc both with re-
spect to ground and the terminal. Alternatively the voltages can be plotted in a 3d-graph: 
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Figure 7.1.4.3: Time domain response of the turns of the upper disc. In addition to the voltage axis 
the colour represents the voltage. 
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7.1.5 Time domain field calculation 
The time domain field calculation takes much longer than the Simulink computation 

which is carried out in an instance. The field computation took about 78 seconds per time 
step. There are 1005 time steps in the above simulation so the complete simulation takes 
about 22 hours. If several simulations are carried out with the same geometry it is defi-
nitely an advantage to apply the opposite method were FEM simulations are carried out 
for many different frequencies to produce the transfer functions of fields, which then can 
be computed in a much faster simulink computation. 

The result of the simulation is shown in the following figure. The simulation was car-
ried out with epoxy around the part of the inlet where the inlet passes over the disc. Lets 
denote this geometry the “maximum epoxy model” and the model which has air in this 
subdomain is denoted the “minimum epoxy model”. 

The simulation shows that the maximum field is reached almost simultaneously as the 
rise time has passed. The maximum field was reached after 17,54ns, i.e. 0,04ns after the 
excitation signal reaches maximum. 
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Figure 7.1.5.1: Transient simulation of the electrical fields along the line shown in figure 

7.1.1.3. 

As the voltages are stored in a matrix of size 200-by 1005, corresponding to the num-
ber of points along the line and the number of time steps, a search was made after the 
maximum field values. It was found that the maximum field always was present at the 
same position (point 197) on the line right in front of the outermost turn. Thus throughout 
a time domain simulation the critical field was found to be in the same spot at all times. 
More over, the maximum field occurs at the same time step whether the maximum epoxy 
model is applied or the minimum epoxy model is applied. 

When the maximum field is reached, the electrical potential looks as shown in the fig-
ure on the next page. In this plot the terminal is used as voltage reference so that voltage 
differences around the upper disc stands out clearer. 
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Figure 7.1.5.2:  Distribution of electrical potential with the maximum epoxy model when using the 
terminal as voltage reference. 

 

The maximum field was found to equal 115 with the maximum epoxy model and with 
the minimum epoxy model it was found to equal 80 V/m. As expected the minimum ep-
oxy model provides less stressing electrical fields as a greater part of the voltage drop 
from disc to terminal lies in air. However, the inlet conductor is not axi-symmetric in 
reality and it may have sharp edges too. Thus it may be a problem to take away some 
insulation to obtain better field distributions, as this will increase the fields outside the 
insulation. 

7.2 Chapter summary 
A method for computing electrical fields inside the transformer has been demon-

strated. It was found that for a short fronted surge with a rise time of 18 ns the maximum 
electrical field occurs around the outermost turn of the upper disc when the inlet passes 
above the upper disc which often is the case in dry type transformers. This was the case 
for all time steps of a simulation lasting 0,1 ms with a rise time of only 18 ns. 

It was found that the critical field around the outermost turn could be decreased by re-
moving the insulation around the inlet conductor where it passes horizontally by the upper 
disc. 
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Chapter 8  

Influence low voltage winding 
and core 
8.1 Influence of the low voltage winding 

In this project it was decided to ignore the low voltage winding except during capaci-
tance calculations where it is regarded as ground. This assumption seems reasonable for 
low voltage windings consisting of a single foil disc, if the foil closest to the high voltage 
winding is grounded. In that case the outer most foil serves as an electrical shield between 
the high voltage winding and the remaining low voltage foils. This construction is com-
mon for low voltage windings in large wind turbine transformers. The situation is illus-
trated in the following figure: 

 
Figure 8.1.1: Cross section of a single limb of a power transformer having foil disc wound HV 

and LV windings. Note that the LV winding consists of a single disc. The LV turn closest to the HV 
winding serves as an electric shield for the remaining LV windings, as it is grounded. Thus there is 

close to none capacitive couplings between the remaining turns of the LV winding and the HV 
winding. 

 The figure shows the cross section of a transformer limb. Rightmost we have the high 
voltage winding, in this case a foil disc winding. The low voltage winding is also a foil 
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disc winding but it contains only a single disc. As can be seen, almost all capacitive cou-
pling goes to the outermost grounded low voltage turn. However, the magnetic coupling is 
still present. 

It may be discussed whether the magnetic couplings can be ignored. Though the mod-
elling techniques easily can handle low voltage windings as well, the parameter estimation 
will be increased by the inclusion of the low voltage winding. This is especially the case 
for a foil disc due to the very small distance between the LV turns compared to the height 
of a turn. As a result the number of elements in a FEM simulation can become very high. 

A simple worst case model which examines the necessity of including the LV winding 
is constructed to test the validity of this assumption. The model utilizes that the primitive 
impedance matrix and the capacitance matrix of a disc has been determined very accu-
rately in FEM models with turn resolution. For the purpose of examining the influence of 
a low voltage winding, a single disc is regarded as the complete transformer. The first 122 
turns are regarded as the high voltage winding and the remaining 8 turns are regarded as 
the low voltage winding. The turn ratio is thus approximately N ≈ 15.  

The fundamentals are illustrated below: 

  

 
Figure 8.1.2: Conversion of single disc model to a simple transformer model consisting of a high 

and low voltage winding. The low voltage winding may be grounded near the HV winding such that 
the turn closet to the HV winding shields the remaining part of the LV winding from capacitive 

couplings. 

 

The HV turn closest to the LV winding is grounded. The grounding of the LV winding 
is tested for two positions: Close and far away from the HV winding. The frequency re-
sponse at the centre of the HV winding is now computed and compared to a voltage dis-
tribution in the HV winding where the LV winding is treated as ground. 

The following results were obtained: 
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Figure 8.1.3: Voltage distribution with two different groundings of the low voltage winding com-
pared to a model where the LV winding is regarded as a grounded structure with no magnetic cou-

plings to the HV winding. 

 

In the situation where the LV winding is grounded close to the HV winding (right fig-
ure), the simplified model computes the dominating resonance frequency with good accu-
racy. Some small resonances due to the LV winding are still present though. Normally the 
LV and HV winding will be farther away from each other and these small resonances will 
be damped further but theoretically they are a source of error. In the situation where the 
LV winding is grounded away from the HV winding, the simplified model has a very 
different response than the model which includes the LV winding. Thus the assumption of 
treating the LV winding as a grounded structure is reasonable when the LV winding is 
grounded close to the HV winding. Otherwise the result may deviate significantly. 

The reason the resonance peak is shifted down in frequency when the LV winding is 
grounded away from the HV winding can be understood by keeping the following facts in 
mind: 

1. When the capacitance is increased, the resonance frequency is decreased. 

2. For a given frequency inductance serves as positive reactance and capacitance 
serves as negative reactance. Thus a series connection of capacitance and induc-
tance provides a total reactance which numerically is smaller than the reactance of 
the two components alone. 

3. When the capacitance of the HV winding couples to the LV winding, capacitance 
becomes series connected with inductance. 

From point 2 and 3 it can be realized, that the effective capacitance to ground is in-
creased when the LV grounding is moved from the turn nearest the HV winding to a turn 
away from the HV winding, as inductance serves as negative capacitance for a given fre-
quency. However, the effective capacitance to ground is frequency dependent, which 
explains the less ideal resonance peak. 
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This also explains, why Jensen [57] overestimated the resonance frequency for two 
transformers with filament wound low voltage windings1, as the filament wound low 
voltage winding was treated as ground in the model of [57]. 

To sum up, it is clear that in the general case the low voltage winding has to be in-
cluded in the model. However, for a commonly applied low voltage winding in wind 
turbines, i.e. the low voltage winding type shown in figure 8.1.1, the assumption is good. 

8.2 Core influence 
Recent research [6] indicated that the core is important in transformer modelling. The 

model of [6] produced good results only when the core was taken into account. The actual 
permeability was found not to be important, indicating that the core reluctance simply 
could be regarded as high, i.e. when the core reluctance increases, the voltage response 
converges [60]. 

In [6] the aim was frequency response analysis (FRA) for detection of deformation and 
all measurements on the transformer was carried out using an impedance analyser. Thus 
the measurements were carried out using very low magnetic field strengths. Modelling 
with closed and open core equivalent showed that increased reluctance shifted most low 
resonances down in both frequency and amplitude. 

To test the influence of the core, simulations were carried out with core. Core models 
were created by re-computing the inductance matrix with disc resolution including core. It 
was found, that the leakage inductance inside a disc are to a very high degree independent 
of the core permeability, which is due to the fact that the turns are closely located com-
pared to the distance to the core. Thus the internal leakage inductance inside a disc was 
unchanged. 

The permeability of the core was chosen to be constant and it was selected such that 
the model and measurements give the same result at 50 Hz. Thus the permeability should 
be overestimated at most frequencies.  

First the comparison with impedance: 

                                                           
1 In [57] additional experiments were carried out on a HV winding without core and low voltage 

winding and much better results were obtained. From the analysis above it is clear that the inaccu-
racy of [57] was caused by the low voltage winding and not the core. 
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Figure 8.2.1: Measurement of input impedance compared with model with and without core. 

 

It is interesting to note, that the core model catches the first peak and the vacuum 
model the second peak, though the models are not very accurate. This indicates that the 
measured resonance frequencies at 3 kHz and 25 kHz (approximately) actually are the 
same resonance occurring twice due to a fast decay in permeability between 3 kHz and 25 
kHz. However, the other two transformer limbs may also play a role when the permeabil-
ity has not decayed to the vacuum permeability. 

The next figure shows the influence of the core on the internal frequency response: 
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Figure 8.2.2: Comparison of measurements, model with core and model without core 

at outlet 6. 

 

It was found, that the loss angle of the core permeability did not influence the internal 
voltage response if the absolute value was kept constant. When the core permeability gets 
close to vacuum permeability, the loss angle will probably play a bigger role. 

The figure shows that the vacuum permeability model is much better than the core 
model, indicating that the permeability has decreased significantly. The results in [6] are 
in contrast to these results. A possible explanation could be, that all measurements in [6] 
were carried out with impedance analysers producing very low magnetic field strengths. 
Thus the permeability is thus closer to the initial permeability. 

In this thesis the relative permeability of the iron was measured to equal 1200 at 100 
Hz. This is in contrast to typical iron cores in transformers. According to data sheets from 
the manufacturer 50 Hz values of the relative permeability may be as high as 30.000 – 
60.000. Thus the impedance analyser in this thesis definitely measured permeabilities 
much closer to the initial permeability. This can explain why the high frequency proper-
ties of the iron went very high up in frequency. It thus seem likely that models predicting 
the FRA response measured with impedance analysers should include the core, whereas 
models which predict the internal voltage distribution to analyse the risk associated with 
transients, could be based  on vacuum permeability. 
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The lower resonance frequencies due to the core are likely due to the altered leakage 
inductances between discs, as the field lines outside the core are forced to run parallel to 
the core when the permeability increases. Thus the leakage field which determines the 
resonance frequencies is affected. 

8.3 Chapter summary 
The low voltage winding was regarded as important in modelling the internal high fre-

quency response in the general case, but for the specific type used for verification, which 
is very common in wind turbines, it can be approximated as a grounded structure. 

The accuracy of the model was found to decrease significantly when a high core per-
meability was applied whereas a model without core is very accurate in determining the 
resonance frequencies. A recent PhD thesis came to the opposite conclusion. This is most 
likely due to the fact, that the measurements in that PhD thesis were carried out with an 
impedance analyser. A very likely explanation is, that the core should only be considered 
during FRA measurements at very low voltages. 
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Chapter 9  

Discussion 
9.1 Chapter overview 

Most subjects have been discussed along the way. This chapter deals with the general 
applicability of the results. 

9.2 Model accuracy 
The model is regarded as accurate as there was good agreement between measured and 

modelled voltage response. Only at positions and frequencies very sensitive to measure-
ment errors was the deviation between model and measurements significant. In general 
the resonance frequencies were more damped in the model than the measurements. The 
probe model accounted slightly for this. It was found that improved knowledge of the 
dimensions, i.e. the difference between model 1 and 3, decreased the damping. It thus 
seems likely that additional improvement of the parameter estimation can decrease the 
damping further, as the capacitance matrix is based on incorrect distances between discs. 
Only a simple method was applied to account for this. 

Normally damping is explained with losses. However, it may be convenient to differ 
between damping of waves and signal damping. For instance, reflections can be avoided 
using impedance matching. Thus resonance can be avoided. Less effective impedance 
matching will produce reflections leading to resonance if the frequency of the excitation is 
right. Thus it seems as the damping of resonances not necessarily is caused by losses only. 
However, it was also found, that the dielectric loss was a significant factor and that the 
removal of dielectric loss increases the amplitudes much more than the removal of skin- 
and proximity effect. Thus it may improve the response if the capacitance matrix is com-
puted at more frequencies than just four to avoid measurement inaccuracies due to linear 
interpolation. 

However model accuracy is regarded as good for most realistic transient wave forms. 

9.3 Model band width 
The lumped element model was regarded as reasonable at least up to 20 MHz for the 

transformer in question. Then the MTL model becomes appropriate up to somewhere 
between 50 MHz and perhaps 100 MHz. However, this requires that the parameter estima-
tion is correct. 

In order to estimate the upper band width of the lumped element model in the general 
case one can of cause create a corresponding MTL model and compare. However, MTL 
modelling is usually regarded as harder than modelling with lumped elements. Thus it 
would be an advantage if the upper band width of a lumped model could be estimated 
differently. It was found that this could be done by comparing a T-based model with a Π-
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based model. The Π-model was found to have a higher upper band width and thus the 
point where the T- and Π-model deviates can be regarded as a worst case estimate. This is 
because the T-equivalent was found to contain the first MTL resonances but the resonance 
frequency is underestimated. This is of cause an empirical result but it was found to hold 
true both for the large transformer model with 1682 turns and for the simple analytical 
model in chapter 3. Thus it is regarded as a reliable worst case estimate. 

9.4 Time consumption 
The time consumption of creating a model can roughly be divided into parameter es-

timation, frequency sweeps, vector fitting, transient circuit and field simulations. In addi-
tion time consuming programming is needed if software is not available, due to the large 
number of parameters. 

The parameter estimation is definitely the most time consuming part. The parameter 
estimation may take months if all parameters are to be estimated on a turn basis. However, 
elements far away from each other do not need to be modelled on a turn basis. 

For disc windings a practical method seems to be disc resolution parameter estimation 
for couplings between discs and turn resolution for estimating parameters within a disc 
and preferably also between adjacent discs. 

The disc resolution estimation took only approximately one minute per frequency and 
thus the influence of core and such can be investigated quickly as the core was found not 
to influence on the leakage inductance within a disc. 

It is expected that the capacitance matrix can be computed with Ohm’s law instead of 
the energy method this would provide a speed increase of 130 for the transformer exam-
ined in this thesis. A rough estimate of constructing a model would thus be 1-2 weeks for 
a disc wound transformer, if only a single computer is at hand. This requires that pro-
grams are available. The produced MATLAB script can be used for computing R and L 
but a program for the capacitances still needs to be constructed. 

Frequency sweeps can take a long time depending on the amount of frequencies. The 
time was found to be in the range 13 seconds per frequency. Vector fitting goes pretty fast 
but depends on the number of nodes to be studied. Once the state space model has been 
obtained, arbitrary time domain simulations can be carried out very quickly in Simulink. 
However, the field calculations are more time consuming than circuit simulation. The time 
consumption of field calculations is highly dependent on the geometry modelled. If sev-
eral field computations are to be carried out at the same positions in the geometry it is 
recommended to obtain a transfer function for these fields and then vector fit the response 
to obtain a model which does not require FEM simulations each time step. 

9.5 Chapter summary 
It is estimated that the transformer model can be very reliable. The reliability of the 

field calculation is very geometry dependent. Overall the results are good and it seems 
likely for the internal model, that everything can be automated except the keying in of the 
transformer data into a piece of software. Realistic field calculations (not parameter esti-
mation) do require some know-how though.  Such a piece of software is regarded as valu-
able to anyone who needs to provide reasonable estimates internal voltage responses. 
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Conclusion 
The present thesis has proposed a procedure for implementing and obtaining accurate 

wide band models of three phase dry type power transformers so the internal as well as the 
external voltage response can be computed in the time domain as well as the frequency 
domain with good accuracy. Underneath the mask of the model, the model consists of two 
models: One for the internal voltage response (internal model) and one for the terminal 
behaviour (external model). In addition it is shown how internal critical internal fields can 
be computed in the time domain. As terminal models are well described in the literature, 
the majority of the present thesis concerns the process of obtaining an internal model from 
the transformer geometry and material parameters. 

The resulting internal model is very general in that it can be used to model arbitrary 
turn connections, which is relevant for typical transformer windings with taps etc. The 
model takes the frequency dependence of the skin- and proximity effects into account as 
well as the dielectric losses. Core flux and eddy currents are regarded as insignificant for 
the voltage distribution. All parameters were estimated with finite element computations.  

 Computations are carried out in the frequency domain. Subsequently a reduced order 
model is constructed to provide an efficient time domain model. Briefly explained the 
nodal impedance matrix of the transformer is computed for each frequency as it is closely 
linked to the internal voltage distribution. From the nodal impedance matrix the transfer 
functions of interest can be computed and a reduced order model can be generated with 
vector fitting for time domain simulation. The internal model is modelled with turn resolu-
tion. For lower frequencies lumped elements are applied but at higher frequencies trans-
mission line effects becomes significant. Thus at higher frequencies multiconductor 
transmission line (MTL) theory is applied. The lumped element model was compared to 
the MTL model. It was found that the way capacitances are lumped, influences on the 
maximum frequency of the lumped model. If the capacitances are lumped in accordance 
with a typical Π-equivalent the lumped model can be applied at slightly higher frequen-
cies than if the capacitances are lumped in accordance with a T-equivalent. Thus the upper 
bandwidth of a Π-based model can be estimated as the frequency where the Π-based 
model deviates from a T-based model. More rough worst case estimates of the upper 
bandwidth can be obtained from theoretical considerations. 

The application of MTL theory is more complicated than the corresponding circuit 
theory for lumped elements and deep insight into MTL theory is rare in power engineer-
ing. The present thesis establishes a simple procedure for obtaining the nodal impedance 
matrix of the transformer through MTL theory, which utilizes the many parallels to 
lumped element computations. The purpose of doing so is to prevent that MTL models are 
disregarded due to the more easily applicable lumped elements model. Briefly explained, 
the nodal admittance matrix for a lumped element circuit can be computed with the simple 
formula At

 Y A, where A is the incidence matrix describing how the elements are con-
nected, and Y is the primitive admittance matrix which has a very simple relation to the 
parameter matrices R, L, C and G. Unfortunately it is not possible to define a primitive 
admittance matrix for a system of transmission lines. Therefore a very similar formula 
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was found for the nodal admittance matrix: Ht
 Yoc H. Here an apparently novel topological 

matrix H is introduced, which describes the connections of the magnetically and electri-
cally coupled transmission lines. The simplicity of this matrix resembles that of the inci-
dence matrix A. Yoc is the open circuit admittance matrix of an MTL which also can be 
obtained with a quite simple formula if R, L, C and G are known. However, a somewhat 
more lengthy formula is proposed for faster computation but the implementation in 
mathematical programming languages such as MATLAB is straightforward. For both 
lumped elements and transmission line models the nodal impedance matrix can be found 
subsequently by inversion of the nodal admittance matrix. It is hoped that this simple 
procedure will make the application of MTL to transformer modelling more easily acces-
sible. 

The model verification was carried out on in the frequency domain for frequencies be-
tween 50 Hz and 5 MHz on a three phase dry type power transformer with foil disc wind-
ings. Detailed construction data was supplied by the manufacturer. The power transformer 
is a special made 100 kVA transformer which was constructed by the manufacturer for 
this purpose. The transformer design resembles very closely that of the manufacturers 
similar 100 kVA standard transformer except that it has been equipped with additional 
outlets on one high voltage winding and that the low voltage winding was designed to 
resemble the type commonly present in Danish wind turbine transformers. The additional 
outlets were added so that the internal voltage could be measured at several positions 
inside the winding. 

The model was verified with success up to 5 MHz. The resonance frequencies were es-
timated very accurately. Overall the amplitudes at resonance were slightly more damped 
in the model than in the measurements. Present deviations between model and measure-
ments are presumed to be caused mainly by measurement errors and the fact that the ca-
pacitance matrix C was computed from the planned transformer design and not the actual 
design of the transformer. The C matrix was later corrected with simplified assumptions 
which improved the model behaviour significantly but a new FEM simulation of C would 
have provided a better accuracy. Overall the experience gained shows, that it is important 
to get the detailed information in order to produce a reliable model at higher frequencies. 

The main drawback of a detailed internal model is the long computation times for ob-
taining the parameters. However, with the proposed simplifications for a disc winding, the 
computation time is estimated to be somewhere between 1 and 2 weeks. 

Finally it was demonstrated how critical fields inside the transformer can be computed 
in the time domain using finite element modelling. It was verified that the outermost turn 
of a foil disc winding is a critical point in the transformer when the inlet conductor passes 
over the disc in order to connect to the innermost turn in the same disc. It was further 
more shown, that the critical field could be reduced by removing some of the insulation 
which encapsulates the inlet conductor. 

The current accuracy of the internal model is regarded as sufficient for transient simu-
lations. It seems highly likely that a user-friendly piece of software can be constructed, 
which computes all parameters, all frequency responses and finally provides a reliable and 
fast reduced order model for use in simulation software such as EMTP. Such a tool would 
be very valuable in insulation coordination studies. 
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Appendix A 

Definition of the A-matrix 
     The A-matrix contains R rows corresponding to the number of lines in the given sys-
tem. The number of columns corresponds to the number of ungrounded nodes in the sys-
tem. All elements of each row are zero except the elements corresponding to the two 
nodes to which the line is connected. These elements hold a 1 and a -1. The sign defines 
the orientation of the lines with respect to the line currents. The current is defined positive 
from 1 to -1. Some examples are shown below: 
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Figure A.1: No grounded nodes. 
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Figure A.2: Node 2 grounded. 
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Appendix B 

Deriving the nodal admittance 
matrix from MoC description 

In chapter 3 an efficient expression for the nodal admittance matrix of an open cir-
cuited MTL was presented. This formulation has only been found in a single paper [81]. 
In chapter 3 the expression is presented in a simplified form. The expression in [81] is 
more complicated as the authors of [81] open up for a rational approximation of the “de-
lay-free” matrix P which will be defined later in this appendix. In this way the authors of 
[81] provide a frequency dependent time domain model of an MTL through the method of 
characteristics MoC. However, as the present thesis carries out computations in the fre-
quency domain, there is no way to approximate P by rational functions and thus P~ , which 
is the approximation to P, is replaced by P in all formulas. The complicated expressions 
of [81] can then be simplified significantly. 

 

The original formulation of Yoc

The original formulation given in [81] gives the formula for Yoc for the frequency of 
interest: 

2
1

1oc YYY −=           (B.1) 

where 
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Y            (B.3) 

 

As Y1s block diagonal, Y1 can be inverted by inverting each block individually. Thus it 
was in this thesis chosen to write up the expression for Yoc as: 



 

 

 

 

174 Appendix B  

 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

−−

−−

1
1

02
1

0

2
1

01
1

0
oc

WWWW

WWWW
Y           (B.4) 

In order to compute W0, W1 and W2, some matrices must be introduced. It is assumed 
that the reader is familiar with the MTL per unit length parameter matrices R’, L’, C’ and 
G’ as defined in [36]. In the following s equals j⋅ω. 

The per unit length propagation factor matrix Γ’ is defined from: 

)'s'()'s'(2 LRCGΓ' ++=           (B.5) 

The propagation function is defined as: Q

d'ΓeQ −=            (B.6) 

The characteristic admittance matrix is defined as: 

( )'s'1
c CGΓ'Y += −           (B.7) 

The delay-free matrix P is defined as: 

MQMeP Γ 1s −=           (B.8) 

The definition of M is given in [81] but is not relevant as the matrices M and P will be 
cancelled out in the following equations. M and P were introduced in [81] for the inclu-
sion of frequency dependent effects in time domain simulations but as such they are not 
needed for the computation of Yoc. 

When the matrices Γ, Q and P are at hand, the sub-matrices W0, W1 and W2 can be 
found. Note that U is a unit matrix of appropriate size and that P~ and  are approxima-
tions to P and Y

c
~Y

c. The following equations provide the sub-matrices [81]: 
1ss

0
~~ −−−−= MPePeMUW ΓΓ          (B.9) 

( ) c
1ss

1
~~~ YMPePeMUW ΓΓ −−−+=        (B.11) 

c
1s

2
~~2 YMPeMW Γ −−−=         (B.12) 

Note that these expressions are only strictly correct when P~ and are identical to P 
and Y

c
~Y

c. Otherwise (B.7-B.9) serve as an approximation. 

Simplified expressions without approximations 

As the present thesis has no intentions of approximating P and Yc by rational functions, 
the equations (B.7-B.9) can be simplified. This is done by replacing the approximations 
P~ and with the correct matrices P and Yc

~Y c in equations (B.7-B.9): 

1ss
0

−−−−= MPePeMUW ΓΓ         (B.13) 

( ) c
1ss

1 YMPePeMUW ΓΓ −−−+=        (B.14) 
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c
1s

2 2 YMPeMW Γ −−−=         (B.15) 

If P now is replaced by the definition of P (B.6), the equations become: 

( ) ( )
2

11ss1ss
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      (B.16) 
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11ss1ss
1

YQU

YMMQMeeMQMeeMUW ΓΓΓΓ

+=

+= −−−−−

      (B.17) 
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c

c
11ss
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2
2

YQ
YMMQMeeMW ΓΓ
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−= −−−

       (B.18) 

Converting per unit length parameter formulas to total parameter formulas 

Often it is preferred to work with the total parameter matrices R, L, C and G of the line 
instead of the per unit length parameters R’, L’, C’ and G’. This is done by defining the 
total propagation factor matrix Γ: 

The total propagation factor matrix Γ is defined from: 

)s()s()'s'()'s'(dd 2222 LRCGLRCGΓ'Γ ++=++==       (B.19) 

The propagation function can thus be written differently: Q

ΓΓ eeQ −− == d'         (B.20) 

The characteristic admittance matrix can also be written differently: 

( ) ( CGΓCGΓ'Y s's' 11
c +=+= −− )        (B.21) 

Summing up the results 

From the above analysis it was found, based on the formulas of [81], that the nodal 
admittance matrix of an open circuited MTL can be found from the formulas below: 

Total propagation factor matrix Γ can be found from: 

)s()s(2 LRCGΓ ++=         (B.22) 

The propagation function Q is found as: 
ΓeQ −=          (B.23) 

The characteristic admittance matrix is found as: 

( )CGΓY s1
c += −         (B.24) 

Now some sub-matrices can be found: 
2

0 QUW −=         (B.25) 

( ) c
2

1 YQUW +=         (B.26) 
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c2 2 YQW −=         (B.27) 

And finally the nodal admittance matrix of an open circuited MTL can be found as: 
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Appendix C 

Voltage distribution plots of 
simple model 
C.1 Voltage distributions of simple model at resonance 

The model denoted the simple model, described in chapter 6, was used to produce 
pronounced voltage distributions at resonance frequencies in order to provide a better 
understanding. The dot-and-dash lines represent the nodes where the 13 discs are con-
nected. This dot-and-dash grid was only drawn in the positive half plane. 
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Appendix D 

Comparison between model 1 
and delta connected transformer 
D.1 Measured and modelled frequency response 

The measurements with delta connections were measured directly to terminal. These 
measurements are here compared to the model. Input for the model was the upper terminal 
voltage to ground (1 p.u.) and the lower terminal voltage to ground. The latter is not fixed 
as the whole transformer is floating. 

One page is devoted to each outlet. For convenience the outlets are shown again: 
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Appendix E 

FEM weak form approach -     
5-turn example 
E.1 Same current through all turns 

The COMSOL model report in the end of this appendix documents all settings of a 5 
turn example. It is at first assumed that the currents through all turns are identical. This 
assumption can be read from the weak point settings. For convenience the relevant set-
tings are shown right below: 

Point 4 8 12 16 20 
Weak term 

(weak) 
(I1-I0)*u_test (I2-I0)*u_test (I3-I0)*u_test (I4-I0)*u_test (I5-I0)*u_test 

Table E.1: Weak point settings which force the currents in all turns, i.e. I1 to I5 to equal the 
specified current I0. More specifically the expressions in the parenthesises are forced to zero. 

These settings apply if the currents through all turns are the same. Thus the impedance 
of the coil, including skin and proximity effects, can be found as: 

Zcoil = Utot / I0  = (U1+U2+U3+U4+U5) / I0      (E.1.1) 

E.2 Arbitrary current distributions 
If one instead is trying to obtain the impedance matrix of the coil, in order to account 

for arbitrary current distributions, all currents except one should be forced to zero. Note 
that this does not imply that the current density is zero in any of the conductors. It implies 
though, that the integral of the current density is zero for those conductors where the cur-
rent is forced to zero. Thus the net current is zero in those conductors but eddy current 
losses are still present. 

The first column of the primitive impedance matrix of the coil can thus be determined 
by the following weak term settings: 

Point 4 8 12 16 20 
Weak term 

(weak) 
(I1-I0)*u_test (I2)*u_test (I3)*u_test (I4)*u_test (I5)*u_test 

Table E.2: Weak point settings which force the currents in all turns except turn 1, equal to zero. 
The current in turn 1 is forced to equal I0. 
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The first column of the impedance matrix can thus be determined as: 
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1U

0I
1)1(:,Z        (E.2.1) 

The remaining four columns can then be computed by letting the current run through 
the respective turn instead. Thus a total of five FEM computations are necessary to obtain 
the impedance matrix. 

E.3 Relation between primitive impedance matrix Z and Zcoil
As a special case, the impedance matrix can provide the result of the uniform current 

distribution (corresponding to table E.1) as a special case. The impedance under the as-
sumption of uniform current distribution Zcoil (E.1.1) must necessarily equal the sum of all 
elements of the impedance matrix Z, as derived below: 
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Zcoil = Utot / I0  = (U1+U2+U3+U4+U5) / I0 = ΣZ(:,:)     (E.3.2) 
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Report of 5-turn-example when the 
currents in all turns are identical 
• Model Properties  
• Constants  
• Geometry  
• Geom1  
• Integration Coupling Variables  
• Postprocessing  
• Variables 

COMSOL versi-
on 

COMSOL 
3.2.0.304 

Application modes and modules used in this model: 

• Geom1 (Axial symmetry (2D))  
o Azimuthal Induction Currents, Vector Potential (Electromagnetics 

Module)  
o Weak Form, Point 

Constants 
Name Expression Value Description 
I0 1000 1000 Total current through coil in Am-

peres 
sigCoil 3.7e7 3.7e7 Conductivity of coil in Siemens 

per meter 

Geometry 
Number of geometries: 1 
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Dimensions and numbering of “Geom1” 

 
Point mode 
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Boundary mode 

 
Subdomain mode 
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Data of Geom1 

Space dimensions: Axial symmetry (2D) 

Independent variables: r, phi, z 

Scalar Expressions 
Name Expression 
L imag((V1+V2+V3)/(I0*omega_emqa))

R real((V1+V2+V3)/I0) 

Mesh Parameters 
Parameter Value 
Maximum element size 0 
Maximum element size scaling fac-
tor 

1 

Element growth rate 1.3 
Mesh curvature factor 0.3 
Mesh curvature cut off 0.001 
Resolution of narrow regions 1 
Resolution of geometry 10 
x-direction scale factor 1.0 
y-direction scale factor 1.0 
Mesh geometry to level Subdomain

Optimize quality On 

Mesh Statistics 
Number of degrees of freedom 1888 
Number of boundary elements 174 
Number of elements 914 
Minimum element quality 0.712

0 
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Application Mode: Azimuthal Induction Currents, Vector Potential (emqa) 
Application mode type: Azimuthal Induction Currents, Vector Potential (Electromag-

netics Module) 

Application mode name: emqa 

Scalar Variables 
Name Variable Value Description 
epsilon0 epsilon0_emqa 8.854187817e-12 Permittivity of vacuum 
mu0 mu0_emqa 4*pi*1e-7 Permeability of vacuum 
Nu nu_emqa 1 Frequency 

Application Mode Properties 
Property Value 
Default element 
type 

Lagrange - Quadra-
tic 

Analysis type Time-harmonic 
Frame Frame (ref) 
Weak constraints Off 
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Variables 
Dependent variables: Aphidr 

Shape functions: shlag(2,'Aphidr') 

Interior boundaries not active 

Boundary Settings 
Boundary   2-3, 24 1 
Type   Magnetic insulation Axial sym-

metry 
Integration order (wcgpor-
der) 

m {} {} 

Subdomain Settings 
Subdomain   1 2 
Shape functions (shape)   shlag(2,'Aphidr') shlag(2,'Aphidr') 
Electrical conductivity 
(sigma) 

S/m 0 sigCoil 

Loop potential (Vloop) V 0 V1 

Subdomain 3 4 5 
Shape functions 

 (shape) 
shlag(2,'Aphidr'
) 

shlag(2,'Aphidr'
) 

shlag(2,'Aphidr'
) 

Electrical conductivi-
ty 

 (sigma) 

sigCoil sigCoil sigCoil 

Loop potential 

(Vloop) 
V2 V3 V4 

Subdomain 6 
Shape functions (shape) shlag(2,'Aphidr')

Electrical conductivity (sigma) sigCoil 
Loop potential (Vloop) V5 
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Application Mode: Weak Form, Point (wp) 
Application mode type: Weak Form, Point 

Application mode name: wp 

Application Mode Properties 
Property Value 
Default element 
type 

Lagrange - Quadra-
tic 

Wave extension Off 
Frame Frame (ref) 
Weak constraints Off 

Variables 
Dependent variables: u, u_t 

Shape functions: shlag(2,'u'), shlag(2,'u') 

Interior boundaries not active 

Point Settings 

Point 1-3, 
5-7, 
9-11, 
13-
15, 
17-
19, 
21-24 

4 8 12 16 20 

Shape 
functions 
(shape) 

1 1 1 1 1 1 

Usage 0 1 1 1 1 1 

Weak 
term 
(weak) 

0 '(I1-
I0)*u_test' 

'(I2-
I0)*u_test' 

'(I3-
I0)*u_test' 

'(I4-
I0)*u_test' 

'(I5-
I0)*u_test' 
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Integration Coupling Variables: Geom1 

Source Point: 4 
Name Value

Variable name V1 
Expression u 
Order 1 
Global Yes 

Source Point: 8 
Name Value

Variable name V2 
Expression u 
Order 1 
Global Yes 

Source Point: 12 
Name Value

Variable name V3 
Expression u 
Order 1 
Global Yes 

Source Point: 16 
Name Value

Variable name V4 
Expression u 
Order 1 
Global Yes 



 

 

 

 

 Appendix E 209 

 

Source Point: 20 
Name Value

Variable name V5 
Expression u 
Order 1 
Global Yes 

Source Subdomain: 2 
Name Value 
Variable name I1 
Expression Jphi_emqa

Order 4 
Global Yes 

Source Subdomain: 3 
Name Value 
Variable name I2 
Expression Jphi_emqa

Order 4 
Global Yes 

Source Subdomain: 4 
Name Value 
Variable name I3 
Expression Jphi_emqa

Order 4 
Global Yes 
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Source Subdomain: 5 
Name Value 
Variable name I4 
Expression Jphi_emqa

Order 4 
Global Yes 

Source Subdomain: 6 
Name Value 
Variable name I5 
Expression Jphi_emqa

Order 4 
Global Yes 
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Variables 

Boundary 
Name Description Expression 
Jsphi_emqa Surface current 

density 
unz*(Hr_emqa_down-Hr_emqa_up) 

-unr*(Hz_emqa_down-Hz_emqa_up) 
Qsav_emqa Surface resis-

tive heating, 
time average 

0.5 * real(Jsphi_emqa * conj(Ephi_emqa)) 

nPoav_emqa Power outflow, 
time average 

nr_emqa * Porav_emqa 

+nz_emqa * Pozav_emqa 
unTrav_emqa Maxwell sur-

face stress 
tensor, time 
average, r 
component 

Real(-0.25*(Br_emqa_up 

*conj(Hr_emqa_up) 

+Bz_emqa_up*conj(Hz_emqa_up))*dnr 

+0.5*(dnr* 

Hr_emqa_up+dnz*Hz_emqa_up) 

*conj(Br_emqa_up)) 
dnTrav_emqa Maxwell sur-

face stress 
tensor, time 
average, r 
component 

real(-0.25*(Br_emqa_down* 
conj(Hr_emqa_down)+Bz_emqa_down* 
conj(Hz_emqa_down))*unr+0.5*(unr* 
Hr_emqa_down+unz*Hz_emqa_down)* 
conj(Br_emqa_down)) 

unTzav_emqa Maxwell sur-
face stress 
tensor, time 
average, z 
component 

real(-0.25*(Br_emqa_up* 
conj(Hr_emqa_up)+Bz_emqa_up* 
conj(Hz_emqa_up))*dnz+0.5*(dnr* 
Hr_emqa_up+dnz*Hz_emqa_up)* 
conj(Bz_emqa_up)) 

dnTzav_emqa Maxwell sur-
face stress 
tensor, time 
average, z 
component 

real(-0.25*(Br_emqa_down* 
conj(Hr_emqa_down)+Bz_emqa_down* 
conj(Hz_emqa_down))*unz+0.5*(unr* 
Hr_emqa_down+unz*Hz_emqa_down)* 
conj(Bz_emqa_down)) 
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Subdomain 

 

Name Description Expression 
Aphi_emqa Magnetic potential, 

phi component 
r * Aphidr 

Aphir_emqa Magnetic potential, 

 r derivative of 

 phi component 

r * Aphidrr+Aphidr 

Aphiz_emqa Magnetic potential, 

z derivative of phi 
component 

r * Aphidrz 

Dphi_emqa Electric displacement, 

phi component 
epsilon_emqa * Ephi_emqa 

epsilon_emqa Permittivity epsilon0_emqa * epsilonr_emqa 
Br_emqa Magnetic flux density, 

r component 
-Aphiz_emqa 

Bz_emqa Magnetic flux density, 

z component 
Aphidr+Aphir_emqa 

Hr_emqa Magnetic field, 

r component 
Br_emqa/mur_emqa/mu0_emqa 

Hz_emqa Magnetic field, 

z component 
Bz_emqa/mur_emqa/mu0_emqa 

mu_emqa Permeability mu0_emqa * mur_emqa 
murr_emqa Permeability, 

rr component 
mu0_emqa * murrr_emqa 

murz_emqa Permeability, 

rz component 
mu0_emqa * murrz_emqa 

muzr_emqa Permeability, 

zr component 

 

mu0_emqa * murzr_emqa 
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muzz_emqa Permeability, 

zz component 
mu0_emqa * murzz_emqa 

delta_emqa Skin depth 1/(omega_emqa * sqrt(-0.5 * 
mu0_emqa * mur_emqa * epsi-
lon0_emqa * epsilonr_emqa * (1-
sqrt(1+(sigma_emqa/omega_emqa/(e
psilon0_emqa * epsilonr_emqa))^2)))) 

Jpphi_emqa Potential current den-
sity, 

phi component 

0 

normE_emqa Electric field, norm abs(Ephi_emqa) 
Jiphi_emqa Induced current den-

sity, 

phi component 

sigma_emqa * Ephi_emqa 

Ephi_emqa Electric field, 

phi component 
-j * omega_emqa * Aphi_emqa 

normD_emqa Electric displacement, 

norm 
abs(Dphi_emqa) 

Jdphi_emqa Displacement 

current density, 

phi component 

j * omega_emqa * Dphi_emqa 

Jphi_emqa Total current density, 

phi component 
Jpphi_emqa+Jiphi_emqa+Jdphi_emq
a+Jvphi_emqa+Jephi_emqa 

Weav_emqa Electric energy den-
sity, 

time average 

0.25*real(Ephi_emqa*conj(Dphi_emq
a)) 

Wav_emqa Total energy density, 

time average 
Wmav_emqa+Weav_emqa 

Qav_emqa Resistive heating, 

time average 
0.5*real(Jphi_emqa* 
(conj(Ephi_emqa)+conj(vz_emqa* 
Br_emqa-vr_emqa* 
Bz_emqa)+conj(Vloop_emqa/(2*pi*r))
)) 
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Porav_emqa Power flow, 

time average, 

r component 

0.5 * real(Ephi_emqa * 
conj(Hz_emqa)) 

Pozav_emqa Power flow, 

time average, 

z component 

-0.5 * real(Ephi_emqa * 
conj(Hr_emqa)) 

normJ_emqa Total current density, 

norm 
abs(Jphi_emqa) 

Jvphi_emqa Velocity current den-
sity, 

phi component 

sigma_emqa * (vz_emqa * Br_emqa-
vr_emqa * Bz_emqa) 

normM_emqa Magnetization, norm sqrt(abs(Mr_emqa)^2+abs(Mz_emqa)
^2) 

normBr_emqa Remanent flux density,

norm 
sqrt(abs(Brr_emqa)^2+abs(Brz_emqa
)^2) 

normH_emqa Magnetic field, norm sqrt(abs(Hr_emqa)^2+abs(Hz_emqa)
^2) 

normB_emqa Magnetic flux density, 

norm 
sqrt(abs(Br_emqa)^2+abs(Bz_emqa)
^2) 

normv_emqa Velocity, norm sqrt(abs(vr_emqa)^2+abs(vz_emqa)^
2) 

Wmav_emqa Magnetic energy den-
sity, 

time average 

0.25 * real(Hr_emqa * 
conj(Br_emqa)+Hz_emqa * 
conj(Bz_emqa)) 

norm-
Poav_emqa 

Power flow, time aver-
age, 

norm 

sqrt(abs(Porav_emqa)^2+abs(Pozav
_emqa)^2) 
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Appendix F 

Model 3 and 4 compared to 
measurements 
F.1 Measured and modelled frequency response 

The frequency response of the voltage between outlets and ground are first shown. 
Subsequently the voltages to terminal are shown which has (anti-)resonance frequencies 
as low as 40 kHz. All voltages in p.u. under the assumption that the terminal voltage to 
ground equals 1 p.u. Measurements are compared to model 3 and model 4, i.e. with and 
without taking the measurements into account. The entire frequency range from 50 Hz to 
5 MHz is shown together with a zoom of the significant resonances in between 10 kHz 
and 1 MHz (2 decades). Phase angles are shown in the end. 

 

Every four pages refer to the same outlet. For convenience the outlets are shown again: 
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Appendix G 

MATLAB script for computing 
the elements of the primitive 
impedance matrix directly 
G.1 Five-turn role model for decoding COMSOL script syntax 

The MATLAB script for computing the primitive impedance matrix directly with 
“COMSOL Multiphysics” is given in section F.2. The script was developed by decoding 
MATLAB scripts automatically generated by “COMSOL Multiphysics” for systems con-
taining 3, 4 and 5 conductors. This section contains an example of such an automatically 
generated file. The code below corresponds to the 5-turn example of appendix E. Espe-
cially the settings for integration coupling variables should illustrate the difficulties and 
time consumption of decoding the syntax of these scripts.  
% COMSOL Multiphysics Model M-file 
% Generated by COMSOL 3.2b (COMSOL 3.2.0.304, $Date: 2006/04/04 14:56:13 $) 
% Some geometry objects are stored in a separate file. 
% The name of this file is given by the variable 'flbinaryfile'. 
  
flclear fem 
  
% COMSOL version 
clear vrsn 
vrsn.name = 'COMSOL 3.2'; 
vrsn.ext = 'b'; 
vrsn.major = 0; 
vrsn.build = 304; 
vrsn.rcs = '$Name:  $'; 
vrsn.date = '$Date: 2006/04/04 14:56:13 $'; 
fem.version = vrsn; 
  
flbinaryfile='RoleModel5turns.mphm'; 
  
% Constants 
fem.const = {'I0','1000', ... 
  'sigCoil','3.7e7'}; 
  
% Geometry 
clear draw 
g3=flbinary('g3','draw',flbinaryfile); 
g1=flbinary('g1','draw',flbinaryfile); 
g10=flbinary('g10','draw',flbinaryfile); 
g9=flbinary('g9','draw',flbinaryfile); 
g5=flbinary('g5','draw',flbinaryfile); 
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g7=flbinary('g7','draw',flbinaryfile); 
draw.s.objs = {g3,g1,g10,g9,g5,g7}; 
draw.s.name = {'R2','R1','R6','R5','R3','R4'}; 
draw.s.tags = {'g3','g1','g10','g9','g5','g7'}; 
fem.draw = draw; 
fem.geom = geomcsg(fem); 
  
% Initialize mesh 
fem.mesh=meshinit(fem, ... 
                  'hmax',[0]); 
  
% (Default values are not included) 
  
% Application mode 1 
clear appl 
appl.mode.class = 'AzimuthalCurrents'; 
appl.mode.type = 'axi'; 
appl.module = 'EM'; 
appl.assignsuffix = '_emqa'; 
clear prop 
prop.analysis='harmonic'; 
appl.prop = prop; 
clear bnd 
bnd.type = {'A0','cont','ax'}; 
bnd.ind = [3,1,1,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1]; 
appl.bnd = bnd; 
clear equ 
equ.sigma = {0,'sigCoil','sigCoil','sigCoil','sigCoil','sigCoil'}; 
equ.Vloop = {0,'V1','V2','V3','V4','V5'}; 
equ.ind = [1,2,3,4,5,6]; 
appl.equ = equ; 
appl.var = {'nu','1'}; 
fem.appl{1} = appl; 
  
% Application mode 2 
clear appl 
appl.mode.class = 'FlPDEWPoint'; 
appl.sdim = {'r','z','phi'}; 
appl.assignsuffix = '_wp'; 
clear prop 
clear weakconstr 
weakconstr.value = 'off'; 
weakconstr.dim = {'lm2','lm3'}; 
prop.weakconstr = weakconstr; 
appl.prop = prop; 
clear pnt 
pnt.weak = {0,'(I1-I0)*u_test','(I2-I0)*u_test','(I3-I0)*u_test',... 
    '(I4-I0)*u_test','(I5-I0)*u_test'}; 
pnt.usage = {0,1,1,1,1,1}; 
pnt.ind = [1,1,1,2,1,1,1,3,1,1,1,4,1,1,1,5,1,1,1,6,1,1,1,1]; 
appl.pnt = pnt; 
fem.appl{2} = appl; 
fem.sdim = {'r','z'}; 
fem.frame = {'ref'}; 
fem.border = 1; 
fem.units = 'SI'; 
  
% Scalar expressions 
fem.expr = {'L','imag((V1+V2+V3)/(I0*omega_emqa))', ... 
  'R','real((V1+V2+V3)/I0)'}; 
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% Descriptions 
clear descr 
descr.expr= {'R','resistance','L','inductance'}; 
fem.descr = descr; 
  
% Coupling variable elements 
clear elemcpl 
% Integration coupling variables 
clear elem 
elem.elem = 'elcplscalar'; 
elem.g = {'1'}; 
src = cell(1,1); 
clear pnt 
pnt.expr = {{{},'u',{},{},{},{}},{{},{},'u',{},{},{}},{{},{},{},'u',{},{... 
    }},{{},{},{},{},'u',{}},{{},{},{},{},{},'u'},{},{},{},{},{}}; 
pnt.ipoints = {{{},'1',{},{},{},{}},{{},{},'1',{},{},{}},{{},{},{},'1',{... 
    },{}},{{},{},{},{},'1',{}},{{},{},{},{},{},'1'},{},{},{},{},{}}; 
pnt.frame = {{{},'ref',{},{},{},{}},{{},{},'ref',{},{},{}},{{},{},{},... 
    'ref',{},{}},{{},{},{},{},'ref',{}},{{},{},{},{},{},'ref'},{},{},{},... 
    {},{}}; 
pnt.ind = {{'1','2','3','5','6','7','9','10','11','13','14','15','17', ... 
  '18','19','21','22','23','24'},{'4'},{'8'},{'12'},{'16'},{'20'}}; 
clear equ 
equ.expr = {{},{},{},{},{},{{},'Jphi_emqa',{},{},{},{}},{{},{}, ... 
  'Jphi_emqa',{},{},{}},{{},{},{},'Jphi_emqa',{},{}},{{},{},{},{}, ... 
  'Jphi_emqa',{}},{{},{},{},{},{},'Jphi_emqa'}}; 
equ.ipoints = {{},{},{},{},{},{{},'4',{},{},{},{}},{{},{},'4',{},{},{}},... 
    {{},{},{},'4',{},{}},{{},{},{},{},'4',{}},{{},{},{},{},{},'4'}}; 
equ.frame = {{},{},{},{},{},{{},'ref',{},{},{},{}},{{},{},'ref',{},{},{}... 
   },{{},{},{},'ref',{},{}},{{},{},{},{},'ref',{}},{{},{},{},{},{},'ref'}}; 
equ.ind = {{'1'},{'2'},{'3'},{'4'},{'5'},{'6'}}; 
src{1} = {pnt,{},equ}; 
elem.src = src; 
geomdim = cell(1,1); 
geomdim{1} = {}; 
elem.geomdim = geomdim; 
elem.var = {'V1','V2','V3','V4','V5','I1','I2','I3','I4','I5'}; 
elem.global = {'1','2','3','4','5','6','7','8','9','10'}; 
elem.maxvars = {}; 
elemcpl{1} = elem; 
fem.elemcpl = elemcpl; 
  
% Descriptions 
descr = fem.descr; 
descr.const= {'sigCoil','Conductivity of coil in Siemens per meter','I0'... 
    ,'Total current through coil in Amperes'}; 
fem.descr = descr; 
  
% Multiphysics 
fem=multiphysics(fem); 
  
% Extend mesh 
fem.xmesh=meshextend(fem); 
  
% Solve problem 
fem.sol=femlin(fem, ... 
               'solcomp',{'u','Aphidr'}, ... 
               'outcomp',{'u','Aphidr'}); 
  
% Save current fem structure for restart purposes 
fem0=fem; 
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% Plot solution 
postplot(fem, ... 
         'tridata',{'normJ_emqa','cont','internal'}, ... 
         'trimap','jet(1024)', ... 
         'title','Surface: Total current density, norm  [A/m^2]', ... 
         'axis',[-0.3,6.3,-1.97765110708017,1.77765105939645,-1,1]); 
 

G.2 General script for direct computation of Z 
This script below computes Z directly. Note that this script is only guarantied to work 

on a single disc containing horizontally spaced rectangular conductors. The weak form 
approach requires that the script at all times is aware of which point numbers belongs to 
which domain numbers. These numbers does not follow the same system. Keeping track 
of numbers becomes even more troublesome when rectangular and circular conductors are 
present in the same model, due to different numbering systems of these geometrical ob-
jects. Thus it was later chosen to apply the inverse approach (see appendix H) where only 
domain numbers are relevant. The MATLAB script of appendix H can thus handle arbi-
trary geometries. 
%-------------------------------------------------------------------------% 
%Zdirect.m for direct computation of primitive impedance matrix 
%Make calls to auxiliary functions (see appendix H) subsort.m, GeomImport.m  
%and the example geometry stored in the KT-matrix with KTmatrixExample.m 
%Only tested for a single disc with rectangular conductors  
%Further testing required for arbitrary... 
%...geometries, due to differences in number systems for points and... 
%...domains and for rectangular and circular conductors 
%-------------------------------------------------------------------------% 
  
clear  %THIS COMMAND MAKES LOADING INTO COMSOL GUI PRODUCE AN ERROR 
% COMSOL version 
clear vrsn 
vrsn.name = 'COMSOL 3.2'; 
vrsn.ext = 'a'; 
vrsn.major = 0; 
vrsn.build = 300; 
vrsn.rcs = '$Name:  $'; 
vrsn.date = '$Date: 2005/12/20 19:02:30 $'; 
fem.version = vrsn; 
  
% ------------------------------ Geometry ------------------------------- % 
%----LOAD KT-MATRIX---% 
KTmatrixExample     %Computes the KTmatrix of the relevant geometry 
KT=KT(1:3,:);       %Work only with reduced geometry 
GeomImport          %Imports geometry from KTmatrix into COMSOL 
% ----------------------------------------------------------------------- % 
  
Z=zeros(size(KT,1));%Initialize branch impedance matrix 
  
% --------Check if ZxHz.mat exists. Otherwise start from scratch--------- % 
W=what; %Matlab function for examining contents of directory 
t=0; 
for i=1:length(W.mat) 
    if length(W.mat{i})==length('ZxHz.mat') 
       if W.mat{i}=='ZxHz.mat' 
           load ZxHz.mat      %continue where last session was terminated 
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           display('Continues old computation') 
       end 
    end 
end 
start=min(find(Z==0)); %continue where last session was terminated 
% ----------------------------------------------------------------------- % 
  
  
% -----START MAIN LOOP - NUMBER OF LOOPS EQUAL NUMBER OF COLUMNS -------- % 
tic 
for TurnNumber=start:size(KT,1)  %Start/Continue loop 
    TurnNumber 
    % Constants 
    fem.const = {'I0','1', ... 
    'sigCoil','3.774e7'};  %Conductivity of Aluminum (COMSOL look up value) 
  
    % Initialize mesh 
    fem.mesh=meshinit(fem); 
  
    %Compute point and domain orders 
    %(REQUIRES THAT CIRCULAR COILS ARE EQUAL OR GREATER THAN TYPE TWO!) 
    temp=KT; 
    for i=1:size(KT,1) 
        coords=geominfo(g{i},'out',{'mp'}); 
        temp(i,1)=coords(1,1); %Apply lowest x-coordinate for sorting 
        temp(i,2)=coords(1,1); %Apply corresponding coordinate for sorting 
    end 
    [temp pointOrder]=subsort(temp,1,2); %Row sort prioritized  
                                         %- first x and then y coordinate  
                                         %(subsort.m auxiliary function) 
    temp(:,1)=pointOrder; 
    temp(:,3)=(KT(pointOrder,3)==2);  %CIRCULAR CONDUCTORS SET TO TYPE TWO 
    temp=sortrows(temp,3);  %sort so that circular conductors come last  
                            %- remaining order unchanged 
    domainOrder=temp(:,1); 
  
    % Application modes        
% --------------------------- APPLICATION MODE 1 ------------------------ % 
    % Application mode 1 
    clear appl 
    appl.mode.class = 'AzimuthalCurrents';%Perpindicular current (axi-sym.) 
    appl.mode.type = 'axi'; 
    appl.module = 'EM'; 
    appl.assignsuffix = '_emqa'; 
    clear prop 
    prop.analysis='harmonic'; 
    appl.prop = prop; 
    clear bnd 
    bnd.type = {'A0','cont','ax'}; 
  
    %Compute number of rectangular and circular turns respectively% 
    Nrect=size(find(T(KT(:,3),1)==1),1); 
    Ncirc=size(find(T(KT(:,3),1)==0),1); 
  
    %--Compute boundary indexing--% 
    bnd.ind=2*ones(1,4+4*size(KT,1)); %Each turn has 4 edges 
    bnd.ind(1:3)=1; %Outer boundary is magnetic insulation 
    bnd.ind(1)=3; %Except axial symmetry axis 
    bnd.ind(4+4*Nrect)=1; %rightmost outer boundary has boundary number... 
                            ...depending on the number of rectangles 
    appl.bnd = bnd; 
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    %-----------------------------% 
     
    clear equ 
    for i=1:size(KT,1)+1 
        equ.sigma{i} = 3.7e7; 
        equ.Vloop{i} = ['V' num2str(i-1)]; 
    end 
    equ.sigma{1}=0; 
    equ.Vloop{1}=0; 
    equ.ind = 1:size(KT,1)+1; 
    appl.equ = equ; 
    f=num2str(50e3);    %Frequency 
    appl.var = {'nu',f}; 
    fem.appl{1} = appl; 
% ---------------------------------------------------------------------- % 
  
  
% --------------------------- APPLICATION MODE 2 ----------------------- % 
    % Application mode 2 
    clear appl 
    appl.mode.class = 'FlPDEWPoint'; 
    appl.sdim = {'r','z','phi'}; 
    appl.assignsuffix = '_wp'; 
    clear prop 
    clear weakconstr 
    weakconstr.value = 'off'; 
    weakconstr.dim = {'lm2','lm3'}; 
    prop.weakconstr = weakconstr; 
    appl.prop = prop; 
    clear pnt 
  
    %compute geometry dependent variables 
    pnt.ind = ones(1,4+4*size(KT,1)); %Initialize pnt.ind 
    pnt.weak=cell(1,size(KT,1)+1);%Initialize pnt.weak (working variable c) 
    pnt.weak{1}=0; %Most points refers to this 'condition', i.e. they... 
                    ...are not active in the domain 
    pnt.usage=pnt.weak; %Initalize pnt.usage too, and... 
                            ...keep zero at first position 
     
    %Weak point conditions for forcing current to zero or I0                             
    for i=1:size(KT,1) 
        if i==TurnNumber 
            pnt.weak{i+1}=['(I' num2str(i) '-I0)*u_test']; 
        else 
            pnt.weak{i+1}=['(I' num2str(i) ')*u_test']; 
        end 
        pnt.usage{i+1}=1; 
    end 
    pnt.ind=ones(1,(size(KT,1)+1)*4); 
    for i=1:size(KT,1) 
        pnt.ind(i*4)=i+1; 
    end 
  
    appl.pnt = pnt; 
    fem.appl{2} = appl; 
    fem.sdim = {'r','z'}; 
    fem.frame = {'ref'}; 
    fem.border = 1; 
    fem.units = 'SI'; 
% ---------------------------------------------------------------------- % 
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% ---------------------- COUPLING VARIABLE ELEMENTS -------------------- % 
    clear elemcpl 
    % Integration coupling variables 
    clear elem 
    elem.elem = 'elcplscalar'; 
    elem.g = {'1'}; 
    src = cell(1,1); 
    clear pnt 
  
    %---COMPUTE PNT.EXPR/IPOINTS/FRAME---% 
    u='u'; %necessary definition when using eval-command 
    one='1'; 
    ref='ref'; 
    a='{'; %Intialize string to eval pnt.expr 
    for h=1:size(KT,1)  %Outer loop 
        c='{'; %Initalize sub-paranthesis 
        for i=1:size(KT,1)+1  %Inner loop 
                if i>1 
                    c=[c ','];  %Insert commas between elements 
                end 
                if (h+1==i) 
                    c=[c 'u']; 
                else 
                    c=[c '{}']; 
                end 
        end 
        if h>1 
           a=[a ','];  %Insert commas between elements 
        end 
        a=[a c '}']; 
    end 
    a=[a '}']; 
    pnt.expr=eval([a ';']); 
    pnt.ipoints=eval([strrep(a,'u','one') ';']); 
    pnt.frame=eval([strrep(a,'u','ref') ';']); 
     
    for i=size(KT,1)+1:2*size(KT,1) 
        pnt.expr{i}={}; 
        pnt.ipoints{i}={}; 
        pnt.frame{i}={}; 
    end 
    %---END OF PNT.EXPR/IPOINTS/FRAME---% 
  
  
    %---COMPUTE PNT.IND---% 
    pnt.ind=cell(1,size(KT,1)+1); 
    clear a  %variable for conversion from char to cell 
    for i=1:size(KT,1) 
        a{1}=num2str(4*i); 
        pnt.ind{1+i}=a; 
    end 
  
    ind1=cell(1,4*(size(KT,1)+1)-size(KT,1)); %Initalize first cell element 
    a=1; %working variable 
    for i=1:length(ind1) 
        if (a/4==round(a/4))&a<4*(size(KT,1)+1) 
            a=a+1; 
        end 
        ind1{i}=num2str(a); 
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        a=a+1; 
    end 
    pnt.ind{1}=ind1; 
    %---END OF PNT.IND---% 
  
    clear equ 
    %---COMPUTE EQU.EXPR/IPOINTS/FRAME---% 
    Jphi_emqa='Jphi_emqa'; %necessary definition when using eval-command 
    four='4';  %Integration order 
    ref='ref'; 
    for i=1:2*size(KT,1) %INITIALIZE CELL VARIABLES 
        equ.expr{i}={}; 
        equ.ipoints{i}={}; 
        equ.frame{i}={}; 
    end 
  
    for h=1:size(KT,1)  %Outer loop 
        c='{'; %Initalize sub-paranthesis 
        for i=1:size(KT,1)+1  %Inner loop 
                if i>1 
                    c=[c ','];  %Insert commas between elements 
                end 
                if (h+1==i) 
                    c=[c 'Jphi_emqa']; 
                else 
                    c=[c '{}']; 
                end 
         end 
         c=[c '};'];     
         equ.expr{h+size(KT,1)}=eval(c); 
         equ.ipoints{h+size(KT,1)}=eval([strrep(c,'Jphi_emqa','four') 
';']); 
         equ.frame{h+size(KT,1)}=eval([strrep(c,'Jphi_emqa','ref') ';']); 
    end 
    %---END OF EQU.EXPR/IPOINTS/FRAME---% 
  
    %---COMPUTE EQU.IND---% 
    clear a 
    for i=1:size(KT,1)+1 
        a{1}=num2str(i); 
        equ.ind{i}=a; 
    end 
    %---END OF EQU.IND---% 
  
    src{1} = {pnt,{},equ}; 
    elem.src = src; 
    geomdim = cell(1,1); 
    geomdim{1} = {}; 
    elem.geomdim = geomdim; 
  
    %---COMPUTE ELEM.VAR---% 
    clear a                 
    for i=1:2*size(KT,1)    
        if i<size(KT,1)+1   
            a=['V' num2str(i)]; 
        else 
            a=['I' num2str(i-size(KT,1))]; 
        end 
        elem.var{i}=a; 
    end 
    test=elem.var; 
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    %---END OF ELEM.VAR---% 
  
  
    %---COMPUTE ELEM.GLOBAL---% 
    clear a 
    for i=1:2*size(KT,1) 
        a=num2str(i); 
        elem.global{i}=a; 
    end 
    %---END OF ELEM.GLOBAL---% 
  
    elemcpl{1} = elem; 
    fem.elemcpl = elemcpl; 
% --------------------------------------------------------------------- % 
  
    % Multiphysics 
    fem=multiphysics(fem); 
  
    % Extend mesh 
    fem.xmesh=meshextend(fem); 
  
    % Solve problem 
    fem.sol=femlin(fem, ... 
                   'solcomp',{'u','Aphidr'}, ... 
                   'outcomp',{'u','Aphidr'}); 
  
    % Save current fem structure for restart purposes 
    fem0=fem; 
  
    % Plot solution 
    %figure 
    postplot(fem, ... 
             'tridata',{'Jphi_emqa','cont','internal'}, ... 
             'trimap','jet(1024)', ... 
             'title','Surface: Total current density, norm  [A/m^2]'); 
  
    %Post process 
    left='[ '; 
    for i=1:size(KT,1) 
        left=[left 'V(' num2str(i) ') ']; 
    end 
    left=[left ']=']; 
  
    right=['postinterp(fem,']; 
    for i=1:size(KT,1) 
        b=['V' num2str(i)]; 
        eval(['V' num2str(i) '=' 'b;']); 
        a=['V' num2str(i) ',']; 
        right=[right a]; 
    end 
    right=[right '[' num2str(coords(1,1)) ';' num2str(coords(2,1)) ']);']; 
  
    eval([left right]) 
    Z(TurnNumber,:)=V; %Store one row for each TurnNumber 
  
    save ZxHz Z f 
    end 
    toc 
% ------------------------- END OF MAIN LOOP ---------------------------- % 
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Appendix H 

MATLAB script for computing 
the primitive impedance matrix 
through inversion 
H.1 Overview 

The fundamentals are completely dual to the fundamentals of the direct computation 
of Z, which is explained in chapter 4 and appendix G. Very briefly the procedure can be 
described with the following formula: 

[ ] V)i(:,00V100
tN 1ii1i1

YYUYI =⋅⋅⋅⋅⋅⋅==
+−

            (H.1) 

Thus the ith column of the admittance matrix is computed by forcing the loop voltage 
of all turns to zero, except the loop voltage of the ith turn which is forced to 1V. The val-
ues in the current vector, expressed in Ampere, will thus equal the ith column of the admit-
tance matrix, expressed in Siemens. 

Note that the resulting order or rows and columns correspond to the domain order and 
not the order in which the turns were entered. The user can easily check the order of the 
domains graphically. Subsequently, if preferred, the order of turns can be rearranged. This 
is most easily done by left and right multiplication with permutation matrices: 

Zrearranged = P Zoriginal P’          (H.2) 

The permutation matrix P is created by swapping the corresponding rows of a unit ma-
trix. P’ is simply the transpose of P. 

H.2 Script 
 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%ZviaYcore.m           % 
% MATLAB script for computing primitive impedance matrix through inversion% 
% ...of the primitive admittance matrix using COMSOL Multiphysics.        % 
% Requires that KTmatrixExample.m and GeomImport.m are available These    % 
% scripts are described in appendix H.                                    % 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
  
clear 
flclear fem 
  
% COMSOL version 
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clear vrsn 
vrsn.name = 'COMSOL 3.2'; 
vrsn.ext = 'a'; 
vrsn.major = 0; 
vrsn.build = 300; 
vrsn.rcs = '$Name:  $'; 
vrsn.date = '$Date: 2005/12/20 19:02:30 $'; 
fem.version = vrsn; 
  
% Geometry 
KTmatrixExample   %Computes the KTmatrix of the relevant geometry 
GeomImport        %Imports geometry from KTmatrix into COMSOL 
  
% MODIFY SURROUNDING RECTANGLE  (From original rectangle in geometry) 
glimit=rect2('2','4','base','corner','pos',{'0','-2'},'rot','0'); 
glimit=rect2('2','2','base','corner','pos',{'0','-0.4'},'rot','0'); 
s.objs{length(s.objs)}=glimit; 
  
%ADD OUTER CORE RECTANGLE   (Closed core equivalent applied) 
gcore1=rect2('1.0855','0.77','base','corner','pos',{'0','0.435'},'rot','0')
; 
s.objs{length(s.objs)+1}=gcore1; %Add core 
s.name{length(s.objs)}=['R' num2str(length(s.objs)+1)];%Add core name 
s.tags{length(s.objs)}='gcore1';%Add core tag 
  
%ADD INNER CORE RECTANGLE   (Closed core equivalent applied) 
gcore2=rect2('0.9145','0.5990','base','corner','pos',{'0.0855','0.5205' ... 
    },'rot','0'); 
s.objs{length(s.objs)+1}=gcore2; %Add core 
s.name{length(s.objs)}=['R' num2str(length(s.objs)+1)];%Add core name 
s.tags{length(s.objs)}='gcore2';%Add core tag 
  
%Store geometry in fem-structure 
fem.draw=struct('s',s); 
fem.geom=geomcsg(fem); 
  
% Initialize mesh 
fem.mesh=meshinit(fem,'hmax',[0]); 
  
% Initialize mesh 
fem.mesh=meshinit(fem); 
  
% Application mode 1 
clear appl 
appl.mode.class = 'AzimuthalCurrents'; 
appl.mode.type = 'axi'; 
appl.module = 'EM'; 
appl.assignsuffix = '_emqa'; 
clear prop 
prop.analysis='harmonic'; 
appl.prop = prop; 
clear bnd 
bnd.type = {'A0','cont','ax'}; 
bnd.ind=2*ones(1,4*(size(KT,1)+1)+9); %initialize with cont boundaries 
bnd.ind(1)=3;bnd.ind(3)=3;bnd.ind(5)=3; %Axissymmetry boundaries 
bnd.ind(2)=1; %Magnetic insulation boundaries 
bnd.ind(7)=1; %Magnetic insulation boundaries 
bnd.ind(length(bnd.ind))=1; %Magnetic insulation boundaries 
appl.bnd = bnd; 
clear equ 
  



 

 

 

 

 Appendix H 301 

 
%Possible combinations of subdomain-settings 
equ.epsilonr = {1,1,'mat1_epsilonr','mat1_epsilonr'}; %High frequency (f^2) 
    %...series impedance term of Maxwell's equations includes permittivity. 
equ.sigma = {0,0,'mat1_sigma','mat1_sigma'}; %Modify to change sigma 
equ.mur = {1,1,'mat1_mur','mat1_mur'};%Second entry: Rel. core permeability 
equ.Vloop = {0,0,0,1}; %Two types of turn-domains: 1 volt or zero volt% 
  
%NOTE: The first three subdomains are outer space, core, inner space 
equ.ind=3*ones(1,size(KT,1)+3); %Initalize with voltage-free aluminium 
equ.ind(1)=1;equ.ind(3)=1; %Free space subdomains 
equ.ind(2)=2; %Core subdomain 
appl.equ = equ; 
  
appl.var = {'nu','5e4'}; %frequency [Hz] 
fem.appl{1} = appl; 
fem.sdim = {'r','z'}; 
fem.frame = {'ref'}; 
fem.border = 1; 
fem.units = 'SI'; 
  
% Library materials - not all are used! 
clear lib 
lib.mat{1}.name='Aluminum'; 
lib.mat{1}.varname='mat1'; 
lib.mat{1}.variables.sigma='3.774e7'; 
lib.mat{1}.variables.mur='1'; 
lib.mat{1}.variables.k='160'; 
lib.mat{1}.variables.epsilonr='1'; 
lib.mat{1}.variables.rho='2700'; 
lib.mat{1}.variables.C='900'; 
lib.mat{1}.variables.nu='0.33'; 
lib.mat{1}.variables.alpha='23e-6'; 
lib.mat{1}.variables.E='70e9'; 
fem.lib = lib; 
  
% Multiphysics 
fem=multiphysics(fem); 
  
% Extend mesh 
fem.xmesh=meshextend(fem); 
  
  
%----------START LOOP FOR COMPUTING ADMITTANCE MATRIX------------% 
  
for i=1:size(KT,1) 
    %Initial equ.ind settings: 
    equ.ind=3*ones(1,size(KT,1)+3); %Initalize with voltage-free turns 
    equ.ind(1)=1;equ.ind(3)=1; %Free space subdomains 
    equ.ind(2)=2; %Core subdomain 
     
    %turn(i)-dependent equ.ind setting: 
    equ.ind(i+3)=4; 
     
    appl.equ = equ; 
    fem.appl{1} = appl; 
  
    %Multiphysics 
    fem=multiphysics(fem); 
  
    %Extend mesh 
    fem.xmesh=meshextend(fem); 
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    %Solve problem 
    fem.sol=femlin(fem, ... 
               'solcomp',{'Aphidr'}, ... 
               'outcomp',{'Aphidr'}); 
         
    % Plot solution 
    %figure 
    postplot(fem, ... 
         'tridata',{'normJ_emqa','cont','internal'}, ... 
         'trimap','jet(1024)', ... 
         'title','Surface: Total current density, norm  [A/m^2]');% ... 
         %'axis',[0.157,0.162,0.995,1.021,-1,1]); 
  
    % Integrate to obtain currents 
    for k=1:size(KT,1) 
        Y(i,k)=postint(fem,'Jphi_emqa','dl',[k+3]); 
    end        
end 
%-------------END OF LOOP-------------------% 
  
Z=inv(Y); % Z found by inversion of Y 
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Appendix I 

Additional MATLAB files 
I.1 Overview 

The following MATLAB scripts and functions are given in this appendix: 

I.2 GeomImport.m  (script) 

I.3 KTmatrixExample.m (script) 

I.4 subsort.m  (function) 

I.2 GeomImport.m 
%-------------------------------------------------------------------------% 
%GeomImport.m                                                             % 
%Import geometry into COMSOL. Requires that  T and KT matrix are in memory% 
%-------------------------------------------------------------------------% 
  
% --General Geometry code for arbitrary configurations-- % 
for i=1:size(KT,1) 
    if T(KT(i,3),1)==1  %If type 1 (Rectangular conductor) 
        W=num2str(T(KT(i,3),2));H=num2str(T(KT(i,3),3)); 
        x=num2str(KT(i,1));y=num2str(KT(i,2)); 
        g{i}=rect2(W,H,'base','corner','pos',{x,y},'rot','0'); 
    end 
  
    if T(KT(i,3),1)==0  %If type 0 (Circular conductor) 
        W=num2str(T(KT(i,3),2));H=num2str(T(KT(i,3),3)); 
        x=num2str(KT(i,1));y=num2str(KT(i,2)); 
        g{i}=circ2(T(KT(i,3),2),'base','center','pos',{x,y},'rot','0'); 
    end 
end 
g{i+1}=rect2(1,2,'base','corner','pos',[0, -0.5]);  %Surrounding rectangle 
  
clear s 
s.objs=g; 
s.name=cell(size(g)); 
s.tags=cell(size(g)); 
for i=1:length(g) 
    s.name{i}=['R' num2str(i)]; 
    s.tags{i}=['g{' num2str(i) '}']; 
end 
% --END of General Geometry code for arbitrary configurations-- % 
  
fem.draw=struct('s',s); 
fem.geom=geomcsg(fem); 
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I.3 KTmatrixExample.m 
%-------------------------------------------------------------------------% 
%KTmatrixExample.m                                                        % 
%Computes T and KT matrix of example geometry                             % 
%-------------------------------------------------------------------------% 
  
%-----------------------------------TYPE matrix---------------------------% 
%This matrix holds information on conductor types 
%Note that not all material parameters are utilized 
%in Zdirect.m and ZviaYcore.m 
% 
%Column 1: Main type - 0 for circular - 1 for rectangular% 
% 
T=[... %Row number equals type number 
1   0.25e-3 33e-3  3.7e7  %rectangular,width,height, conductivity 
1   0.9e-3 550e-3 3.7e7  %rectangular,width,height, conductivity 
0   0.1e-2 20e-3  3.7e7  %Circular, Radius, conductivity, ignored 
]; 
%-------------------------------------------------------------------------% 
  
  
%-----------------KT matrix for disc winding of 13*130 turns--------------% 
%first and second column: x and y coordinate 
%Third column: Type of turn with reference to T-matrix 
N=13*130; 
KT=ones(N,3); %Initialize KT and make all HV turns of rectangular type 
rmin=250e-3;%x-position (center) of first turn in every disc 
disc_dist=80e-3; %distance between disc INCLUDING HEIGHT OF ONE DISC! 
turn_dist=0.3e-3; %distance between turns in a disc INCLUDING own width 
Ymax=1; %Position 1st turn center at yposition 1 meter 
for i=1:N 
    reldisc=1+floor((i-1)/130); %Relevant disc number 
    tind(i)=i-130*floor((i-1)/130); %Turn number in relevant disc 
    KT(i,1)=rmin+(tind(i)-1)*(turn_dist); %x-position 
    KT(i,2)=Ymax-(reldisc-1)*(disc_dist); %y-position 
end 
%-------------------------------------------------------------------------% 

I.4 subsort.m 
%-------------------------------------------------------------------------% 
%subsort.m 
%subsort function by Kenneth Pedersen aug 15th 2006 
%Ørsted*DTU, Technical University of Denmark        
%Input parameters: [out,index]=subsort(in,p1,p2) 
%    in: Array to be sorted 
%    p1: First column to sort by 
%    p2: Second column to sort by 
%    out: Array after subsort 
%    index: Info on the position changes 
%-------------------------------------------------------------------------% 
function [out,index]=subsort(in,p1,p2); 
  
%Store 'in' in 'out'-variable with extra numbered column: 
out=cat(2,in,(1:size(in,1))'); 
  
out=sortrows(out,p1);%sort by x-coordinate 
startSort=1; i=1; %Initialize subsort loop 
while i<size(out,1)+1 
    sub=find(out(i,p1)==out(:,p1)); 
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    out(i:i+length(sub)-1,:)=sortrows(out(i:i+length(sub)-1,:),p2); 
    i=i+length(sub); 
end 
  
index=out(:,size(out,2)); 
out(:,size(out,2))=[]; 
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Appendix J 

Data from permeability and 
permittivity measurements 
J.1 Permeability data 

Data is provided for the three permeability measurements: 

- Non-square core 

- Square core 

- Without core 

Data is provided in MATLAB format for quick implementation 
%-------------------------------------------------------------------------% 
%NonsquareMeasurements.m                                                  % 
%Permeability measurement on nonsquare core with small displacement (22mm)% 
%81 turns                                                                 % 
%-------------------------------------------------------------------------% 
  
%Raw measurement data read from HP 4194A display: 
%All units in SI-units% 
   %f [Hz]      Z [Ohm]     
P=[ 
    100         1.38+j*7.90 
    199         3.05+j*15.35 
    300.25      4.95+j*22.23 
    401.50      6.96+j*28.70 
    500.50      9.04+j*34.61 
    599.50      11.03+j*40.14 
    700.75      13.06+j*45.20 
    802         14.95+j*50.21 
    901         16.87+j*55.13 
    1000        18.75+j*59.41 
    2012.5      23.87+j*91.47 
    3002.5      29.42+j*123 
    4015        36.40+j*154.1 
    5005        43.71+j*184 
    5995        54.09+j*212 
    7007.5      64.36+j*239 
    8020        75.77+j*265 
    9010        87.25+j*290 
    10000       99+j*313 
    20125       208+j*503 
    30025       308+j*649 
    40150       397+j*779 
    50050       476+j*897 
    60175       552+j*1012 
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    70075       625+j*1119 
    80200       697+j*1226 
    90100       769+j*1328 
    100000      839+j*1428 
    199000      1679+j*2414 
    300250      3210+j*3469 
    374500      5394+j*3940 
    399250      6430+j*3820 
    457750      9204+j*2200 
    491500      10314+j*92 
    493750      10350-j*75 
    500500      10440-j*581 
    507250      10480-j*1093 
    520750      10400-j*2120 
    601750      6984-j*6048 
    700750      3247-j*5874 
    799750      1644-j*4763 
    901000      930-j*3861 
    1000000     588-j*3225 
    1990000     74-j*970 
    2732500     121-j*30 
    2755000     126+j*14 
    3002500     277+j*757 
    3317500     6000+j*5822 
    3362500     13560+j*1245 
    3385000     12535-j*5265 
    4015000     34-j*1605 
    5027500     3.6-j*871 
    5882500     0.5-j*654 
    7007500     2.2-j*476 
    8020000     20-j*334 
    8582500     263-j*346 
    9010000     29-j*391 
    9347500     16-j*331 
    9820000     63-j*296 
    10000000    25-j*306 
]; 
 

 
%-------------------------------------------------------------------------% 
%SquareCoreMeasurements.m                                                 % 
%Permeability measurement on nonsquare core with small displacement (22mm)% 
%81 turns                                                                 % 
%-------------------------------------------------------------------------% 
  
%Raw measurement data read from HP 4194A display: 
%All units in SI-units% 
   %f [Hz]      Z [Ohm]     
P=[ 
    100 2.43+j*12.24 
    199 5.23+j*23.08 
    421.75  12.65+j*43.46 
    595 18.15+j*56 
    743.5   21.9+j*65 
    916.75  27+j*75.6 
    1090    31+j*84 
    2080    47+j*128 
    3070    59+j*164 
    4010.5  72+j*197 
    5074.75 86+j*231 
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    6089.5  99.59+j*262 
    7055    115+j*290 
    8045    130+j*315 
    9034.75 144+j*339 
    10000   158+j*362 
    10090   152+j*362 
    19830   293+j*536 
    30320   408+j*678 
    40560   498+j*804 
    50799   579+j*921 
    60290   651+j*1027 
    70030   724+j*1129 
    80520   799+j*1239 
    90010   868+j*1337 
    100000  943+j*1437 
    200080  1850+j*2440 
    300070  3550+j*3435 
    347565  4962+j*3692 
    380062  6239+j*3572 
    397560  7019+j*3316 
    427557  8402+j*2434 
    457554  9535+j*875 
    515049  9580-j*3124 
    562544  7565-j*5380 
    610039  5333-j*6038 
    660034  3604-j*5817 
    697530  2720-j*5433 
    787521  1490-j*4475 
    902510  797-j*3536 
    1000000 515-j*2975 
]; 
 
 
%-------------------------------------------------------------------------% 
%NoCoreMeasurements.m                                                     % 
%Permeability measurement with core removed                               % 
%81 turns                                                                 % 
%-------------------------------------------------------------------------% 
  
%Raw measurement data read from HP 4194A display: 
%All units in SI-units% 
   %f [Hz]      Z [Ohm]     
P=[ 
    100         320e-3+j*502e-3 
    2600        405e-3+j*12.7 
    5100        597e-3+j*24.8 
    7599        988e-3+j*36.8 
    10099       1.384+j*48.8 
    97590       8.5+j*458.9 
    200080      14.2+j*991 
    300070      20+j*1647 
    397560      29.4+j*2569 
    502550      53+j*4332 
    597540      127+j*8220 
    665034      461+j*17978 
    692531      1298+j*32588 
    710029      4775+j*65386 
    720028      24678+j*147000 
    722528      51000+j*214000 
    725750      285000+j*450000 
    725875      315000+j*479000 
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    726000      594000+j*505000 
    726975      805000+j*451000 
    727400      989000+j*208000 
    727625      1.01e6-j*18000 
    727950      978e3-j*327000     
    735027      27000-j*158000 
    742526      5.77e3-j*79.13e3 
    760024      1249-j*37000 
    800020      208-j*16903 
    902510      27.5-j*7320 
    1000000     8.13-j*4863 
    ]; 

 

J.2 Permittivity data 
Two scripts is provided, which hold the data. One for epoxy and one for Mylar. More 

information can be found in [16]. 
%-------------------------------------------------------------------------% 
%PermittivityEpoxy.m                                                      % 
%-------------------------------------------------------------------------% 
FrequencyComp=[100  103 107 110 114 117 121 125 129 134 138 143 147 152 157 
162 168 173 179 185 191 197 203 210 217 224 247 255 263 272 281 290 299 309 
319 330 341 352 353 375 387 400 413 427 441 455 470 486 501 518 535 552 571 
589 609 628 649 670 692 715 738 763 788 813 840 868 896 925 956 987 1019    
1053    1087    1123    1160    1198    1237    1278    1320    1353    
1407    1454    1501    1550    1601    1654    1708    1754    1822    
1881    1943    2007    2072    2140    2211    2283    2515    2597    
2682    2770    2861    2955    3052    3152    3255    3362    3472    
3586    3703    3825    3950    4079    4213    4351    4494    4641    
4793    4950    5112    5280    5453    5632    5816    6007    6204    
6407    6617    6834    7058    7289    7528    7775    8030    8293    
8565    8845    9135    9435    9744    10063   10393   10734   11085   
11449   11824   12211   12612   13025   13452   13893   14348   14818   
15304   15806   16324   16858   17411   17982   18571   19180   19808   
20457   21128   21820   22535   23274   25638   26478   27345   28242   
29168   30124   31111   32131   33184   34271   35395   36555   37753   
38990   40268   41588   42950   44358   45812   47313   48864   50465   
52119   53828   55592   57414   59295   61239   63246   65318   67459   
69670   71953   74311   76746   79262   81860   84543   87314   90175   
93130   96183   99335   102591  105953  109425  113012  116715  120541  
124491  128571  132785  137137  141631  146273  151067  156018  161131  
166412  171866  177499  183316  189324  195529  201937  208555  215390  
222449  229740  237269  261371  269936  278783  287920  297355  307102  
317167  327561  338296  349384  360835  372660  384874  397488  410515  
423969  437864  452214  467035  482341  498149  514476  531336  548751  
566735  585309  604492  624303  644764  665895  687719  710258  733536  
757577  782405  808047  834530  861881  890128  919300  949429  980545  
1012682 1045871 1080148 1115548 1152109 1189868 1228864 1269138 1310733 
1353690 1398055 1443875 1491196 1540068 1590541 1642669 1696506 1752106 
1809529 1868834 1930083 1993338 2058667 2126137 2195819 2267784 2342107 
2418867 2664572 2751899 2842089 2935235 3031433 3130784 3233392 3339362 
3448805 3561835 3678559 3799129 3923640 4052232 4185039 4322198 4463852 
4610149 4751240 4917283 5078441 5244880 5416774 5594301 5777647 5967001 
6162562 6364532 6573120 6788546 7011031 7240808 7478116 7723201 7976319 
8237732 8507712 8786541 9074508 9371913 9579065 9996283 10323898    
10662250    11011690    11372584    11745305    12130241    12527794    
12938375    13362413    13800348    14252636    14719747    15202167    
15700397    16214957    16746380    17295220    17862048    18447452    
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19052043    19676448    20321317    20987320    21675152    22385525    
23119181    23876881    24659413    27164280    28054552    28974002    
29923588    30904291    31917138    32963179    34043503    35159233    
36311529    37501591    38730655    40000000]; 
  
RealEpsRelCompensated=[3.614    3.684   3.676   3.745   3.621   3.943   
3.821   3.863   3.742   3.929   3.888   3.866   3.948   4.015   3.993   
4.018   3.95    4.011   4.019   4.021   4.066   4.05    4.074   4.012   
4.046   3.981   3.981   3.994   3.974   3.964   3.935   3.932   3.941   
3.935   3.909   3.911   3.897   3.886   3.866   3.873   3.856   3.846   
3.858   3.863   3.865   3.855   3.875   3.874   3.887   3.882   3.876   
3.878   3.872   3.875   3.881   3.879   3.873   3.881   3.872   3.874   
3.869   3.873   3.877   3.869   3.871   3.87    3.868   3.867   3.871   
3.864   3.862   3.863   3.859   3.861   3.861   3.86    3.86    3.859   
3.859   3.858   3.858   3.858   3.857   3.856   3.856   3.856   3.855   
3.854   3.855   3.855   3.854   3.853   3.853   3.853   3.851   3.851   
3.85    3.848   3.849   3.849   3.848   3.848   3.848   3.846   3.846   
3.845   3.845   3.845   3.844   3.844   3.843   3.842   3.841   3.841   
3.84    3.84    3.839   3.838   3.853   3.837   3.837   3.836   3.836   
3.835   3.835   3.834   3.833   3.832   3.832   3.829   3.828   3.83    
3.829   3.828   3.827   3.826   3.826   3.825   3.825   3.821   3.82    
3.819   3.819   3.818   3.817   3.817   3.816   3.815   3.815   3.814   
3.814   3.813   3.813   3.812   3.811   3.811   3.811   3.81    3.81    
3.809   3.809   3.808   3.808   3.807   3.807   3.807   3.805   3.804   
3.804   3.803   3.802   3.801   3.8 3.799   3.799   3.798   3.797   3.797   
3.797   3.796   3.795   3.796   3.795   3.795   3.794   3.793   3.792   
3.791   3.791   3.792   3.79    3.789   3.788   3.789   3.788   3.786   
3.786   3.785   3.784   3.784   3.784   3.783   3.782   3.782   3.78    
3.779   3.778   3.778   3.777   3.777   3.776   3.775   3.774   3.773   
3.772   3.771   3.771   3.77    3.769   3.768   3.767   3.767   3.767   
3.766   3.764   3.763   3.762   3.762   3.761   3.76    3.76    3.759   
3.758   3.757   3.756   3.755   3.752   3.751   3.75    3.749   3.749   
3.749   3.751   3.75    3.748   3.747   3.746   3.745   3.745   3.744   
3.743   3.742   3.741   3.742   3.741   3.74    3.739   3.737   3.736   
3.736   3.716   3.734   3.734   3.733   3.733   3.731   3.711   3.71    
3.71    3.727   3.726   3.726   3.725   3.724   3.723   3.723   3.722   
3.721   3.719   3.717   3.718   3.717   3.716   3.715   3.714   3.713   
3.712   3.711   3.71    3.709   3.708   3.707   3.706   3.705   3.704   
3.703   3.702   3.699   3.7 3.699   3.698   3.697   3.696   3.695   3.694   
3.693   3.692   3.691   3.69    3.689   3.688   3.687   3.686   3.685   
3.685   3.684   3.683   3.686   3.681   3.68    3.679   3.678   3.677   
3.676   3.675   3.674   3.673   3.672   3.671   3.67    3.669   3.668   
3.667   3.666   3.665   3.664   3.663   3.662   3.661   3.659   3.658   
3.657   3.656   3.655   3.654   3.652   3.651   3.65    3.649   3.648   
3.646   3.643   3.642   3.643   3.641   3.64    3.639   3.637   3.636   
3.635   3.633   3.632   3.63    3.629   3.627   3.626   3.626   3.624   
3.622   3.62    3.618   3.615   3.611   3.609   3.605   3.605   3.596   
3.592   3.589   3.587   3.584   3.58    3.576   3.571   3.567   3.562   
3.557   3.551   3.546]; 
  
ImagEpsRelCompensated=[0    0   0   0   0   0   0   0   0   0   0   0   0   
0   0.0701  0   0   0.3036  0.2714  0.2833  0.5054  0.7562  0.6944  0.5783  
0.6628  0.6255  0.442   0.7716  0.5076  0.3797  0.4421  0.3026  0.3695  
0.3009  0.2433  0.2693  0.2771  0.2147  0.172   0.211   0.2103  0.2428  
0.2494  0.2956  0.3031  0.0762  0.3419  0.3202  0.3456  0.3646  0.3537  
0.3448  0.2839  0.2769  0.3051  0.2844  0.3012  0.3096  0.2775  0.2869  
0.2451  0.2408  0.2506  0.255   0.2671  0.2209  0.2351  0.2164  0.2243  
0.2021  0.2221  0.2327  0.231   0.213   0.2099  0.2102  0.2144  0.2097  
0.2106  0.2131  0.2089  0.207   0.2064  0.2009  0.2003  0.2064  0.1899  
0.2047  0.2033  0.1988  0.2033  0.2036  0.1979  0.2012  0.1979  0.196   
0.2004  0.1924  0.1948  0.1949  0.1996  0.198   0.1943  0.1911  0.1911  
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0.1945  0.1978  0.1988  0.1974  0.2024  0.202   0.2045  0.207   0.21    
0.213   0.2155  0.2181  0.222   0.2237  0.2247  0.2278  0.2265  0.2277  
0.2284  0.2305  0.233   0.2314  0.233   0.2348  0.2345  0.2337  0.2325  
0.2326  0.2317  0.2313  0.2289  0.2263  0.2254  0.2236  0.2214  0.221   
0.2194  0.2192  0.2177  0.2167  0.2167  0.2155  0.2153  0.2152  0.2141  
0.213   0.2113  0.211   0.2091  0.2064  0.2062  0.2052  0.2041  0.2043  
0.2047  0.205   0.2056  0.2064  0.2074  0.2089  0.2097  0.2166  0.2196  
0.2218  0.2254  0.2276  0.2287  0.2286  0.2274  0.226   0.2239  0.2209  
0.2195  0.2214  0.2231  0.2246  0.2247  0.2259  0.2262  0.2269  0.2279  
0.2285  0.2301  0.2314  0.2327  0.2337  0.2346  0.2361  0.2377  0.2386  
0.2393  0.2397  0.2412  0.2418  0.2427  0.2448  0.2455  0.2461  0.2465  
0.2463  0.2463  0.2469  0.2473  0.2485  0.2503  0.2508  0.2522  0.2521  
0.253   0.2535  0.2546  0.2549  0.2555  0.2564  0.2568  0.2574  0.259   
0.2599  0.2607  0.2608  0.2615  0.2624  0.2634  0.2644  0.265   0.2672  
0.2679  0.2687  0.2684  0.269   0.2696  0.2718  0.2729  0.2743  0.2753  
0.2779  0.2785  0.2705  0.2712  0.2729  0.285   0.2737  0.2738  0.2746  
0.2754  0.2758  0.2763  0.2767  0.2772  0.2777  0.2786  0.2793  0.2801  
0.281   0.2821  0.2829  0.284   0.2849  0.2853  0.2859  0.2863  0.2871  
0.2873  0.2879  0.2886  0.2892  0.2902  0.2912  0.2921  0.293   0.2942  
0.295   0.2952  0.2955  0.2961  0.2966  0.297   0.2976  0.2982  0.2989  
0.2996  0.3002  0.3012  0.3021  0.303   0.3043  0.3052  0.3058  0.3063  
0.3068  0.3075  0.3081  0.3087  0.3094  0.3101  0.3106  0.3111  0.3117  
0.3121  0.3126  0.3133  0.3233  0.3246  0.3256  0.3266  0.3272  0.3278  
0.3274  0.3259  0.3265  0.3292  0.3323  0.3344  0.3362  0.3384  0.34    
0.3413  0.3416  0.3416  0.3434  0.3445  0.3471  0.3494  0.3516  0.3533  
0.3548  0.356   0.3569  0.3574  0.3583  0.3592  0.3603  0.3626  0.3645  
0.3662  0.3682  0.3694  0.3699  0.3704  0.3719  0.3738  0.3792  0.376   
0.371   0.365   0.3618  0.3636  0.3641  0.3641  0.3642  0.3648  0.3648  
0.3643  0.3642  0.3638  0.364   0.365   0.3666  0.3671  0.3646  0.3598  
0.3663  0.3731  0.376   0.3822  0.3906  0.3972  0.433   0.4392  0.4448  
0.451   0.4666  0.4697  0.4698  0.4681  0.4713  0.4736  0.4714  0.4684  
0.4631  0.4587  0.4523  0.4426  0.4271]; 
  
  
Frequency=[101  103 106 110 114 117 121 125 129 134 138 143 147 152 157 162 
168 173 197 203 210 216 223 231 239 247 255 263 272 281 289 299 309 316 329 
340 351 363 375 387 400 413 426 440 455 470 485 501 518 534 552 571 589 609 
628 649 670 692 715 738 762 787 813 840 867 896 925 955 987 1019    1052    
1087    1123    1159    1197    1237    1277    1319    1362    1407    
1453    1501    1550    1601    1653    1707    1763    2006    2072    
2140    2211    2283    2358    2435    2514    2597    2682    2770    
2861    2955    3052    3152    3255    3362    3472    3586    3703    
3824    3950    4079    4213    4351    4494    4641    4793    4950    
5112    5280    5453    5632    5816    6007    6204    6407    6617    
6834    7058    7289    7528    7775    8030    8293    8565    8845    
9135    9435    9744    10063   10393   10734   11085   11449   11824   
12211   12612   13025   13452   13893   14348   14818   15304   15806   
16324   16858   17411   17992   20457   21128   21820   22535   23274   
24036   24825   25638   26478   27346   28242   29168   30124   31111   
32131   33184   34271   35395   36555   37753   38990   40268   41588   
42950   44358   45812   47313   48864   50465   52119   53828   55592   
57414   59295   61239   63246   65318   67459   69670   71953   74311   
76747   79262   81860   84543   87314   90175   93130   96183   99335   
102591  105953  109425  113012  116715  120541  124491  128571  132785  
137137  141631  146273  151067  156018  161131  166411  171866  177499  
183315  208555  215390  222449  229740  237259  245045  253075  261371  
269937  278783  287920  297356  307102  317167  327561  338297  349384  
360835  372660  384874  397488  410515  423969  437864  452214  467035  
482341  498149  514476  531336  548751  566735  585309  604492  624303  
644764  665895  687719  710258  733535  757576  782405  808047  834530  
861881  890128  919300  949429  980545  1012682 1045871 1080148 1115548 
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1152109 1189868 1228864 1269138 1310733 1353690 1398055 1443875 1491196 
1540068 1590541 1642669 1696506 1752106 1809529 1868834 2126137 2195819 
2267784 2342107 2418867 2498142 2580015 2664572 2751899 2842089 2935235 
3031433 3130784 3233392 3339362 3448805 3561834 3678559 3799129 3923640 
4052232 4185039 4322198 4463852 4610149 4751240 4917283 5078441 5244880 
5416774 5594301 5777647 5967001 6162562 6364532 6573120 6788546 7011031 
7240808 7478116 7723201 7976319 8237732 8507712 8786541 9074508 9371913 
9579065 9996283 10323898    10662250    11011690    11372584    11745305    
12130241    12527794    12938375    13362413    13800348    14252636    
14719747    15202167    15700397    16214956    16746380    17295220    
17862048    18447452    19052043    21675152    22385525    23119181    
23876881    24659413    25467592    26302258    27164280    28054552    
28974002    29923586    30904291    31917138    32963179    34043503    
35159233    36311529    37501591    38730655    40000000]; 
  
RealEpsRel=[5.26    5.32    5.26    5.34    5.35    5.27    5.34    5.34    
5.33    5.25    5.28    5.32    5.26    5.33    5.26    5.27    5.32    
5.25    5.25    5.26    5.3 5.25    5.28    5.27    5.24    5.21    5.26    
5.25    5.21    5.26    5.21    5.26    5.24    5.24    5.25    5.23    
5.23    5.23    5.22    5.23    5.2 5.21    5.21    5.22    5.21    5.21    
5.21    5.21    5.21    5.21    5.21    5.21    5.2 5.2 5.2 5.2 5.2 5.2 5.2 
5.2 5.2 5.2 5.2 5.2 5.19    5.19    5.19    5.19    5.19    5.19    5.19    
5.19    5.19    5.19    5.19    5.18    5.18    5.18    5.18    5.18    
5.18    5.18    5.18    5.18    5.18    5.18    5.18    5.18    5.17    
5.17    5.17    5.17    5.17    5.17    5.17    5.17    5.17    5.17    
5.17    5.17    5.17    5.17    5.17    5.17    5.17    5.17    5.17    
5.17    5.16    5.16    5.16    5.16    5.16    5.16    5.16    5.16    
5.16    5.16    5.16    5.16    5.16    5.16    5.15    5.15    5.15    
5.15    5.15    5.15    5.15    5.15    5.15    5.15    5.15    5.14    
5.14    5.14    5.14    5.14    5.14    5.14    5.14    5.14    5.14    
5.14    5.13    5.13    5.13    5.13    5.13    5.13    5.13    5.13    
5.13    5.13    5.13    5.13    5.13    5.13    5.13    5.13    5.13    
5.13    5.13    5.13    5.13    5.13    5.12    5.12    5.12    5.12    
5.12    5.12    5.12    5.12    5.12    5.12    5.12    5.12    5.12    
5.12    5.12    5.12    5.12    5.12    5.12    5.12    5.12    5.11    
5.11    5.11    5.11    5.11    5.11    5.11    5.11    5.11    5.11    
5.11    5.11    5.11    5.11    5.1 5.1 5.1 5.1 5.1 5.1 5.1 5.1 5.1 5.1 5.1 
5.09    5.09    5.09    5.09    5.09    5.09    5.09    5.09    5.09    
5.09    5.09    5.09    5.09    5.08    5.08    5.08    5.08    5.08    
5.08    5.08    5.08    5.07    5.07    5.07    5.07    5.07    5.07    
5.07    5.07    5.07    5.07    5.07    5.07    5.07    5.07    5.07    
5.06    5.07    5.06    5.06    5.06    5.06    5.06    5.06    5.06    
5.06    5.06    5.06    5.06    5.05    5.05    5.05    5.05    5.05    
5.05    5.05    5.05    5.05    5.05    5.05    5.05    5.04    5.04    
5.04    5.04    5.04    5.04    5.04    5.04    5.04    5.04    5.04    
5.03    5.03    5.03    5.03    5.03    5.03    5.03    5.03    5.03    
5.03    5.02    5.02    5.02    5.02    5.02    5.02    5.02    5.02    
5.02    5.02    5.02    5.02    5.02    5.02    5.02    5.02    5.02    
5.02    5.01    5.01    5.01    5.01    5.01    5.01    5.01    5.01    
5.01    5.01    5.01    5.01    5.01    5.01    5.01    5.01    5.02    
5.02    5.02    5.02    5.02    5.02    5.02    5.02    5.02    5.03    
5.03    5.03    5.03    5.07    5.02    5.08    5.03    5.05    5.05    
5.06    5.06    5.07    5.07    5.08    5.08    5.09    5.1 5.11    5.11    
5.12    5.13    5.14    5.16    5.17    5.19    5.25    5.27    5.29    
5.31    5.34    5.37    5.4 5.43    5.46    5.5 5.54    5.58    5.62    
5.67    5.73    5.79    5.85    5.92    6   6.08]; 
  
ImagEpsRel=[0.0798  0.2507  0.3101  0.543   0.1864  0.1926  0.2612  0.4493  
0.1911  0   0.0744  0.3829  0.0627  0.3391  0.2117  0.1439  0.1181  0.1415  
0.1024  0.1163  0.3007  0.1016  0.161   0.2714  0.1097  0.1924  0.2145  
0.1841  0.0913  0.1353  0.089   0.1586  0.1404  0.1378  0.2118  0.1413  



 

 

 

 

314                                           Appendix J 

 
0.1515  0.1826  0.1179  0.1466  0.1608  0.1366  0.1196  0.1676  0.136   
0.1579  0.172   0.1507  0.153   0.1558  0.1517  0.1974  0.1586  0.1525  
0.1662  0.164   0.1507  0.156   0.1523  0.1673  0.1565  0.1552  0.1466  
0.203   0.1638  0.1679  0.1653  0.1795  0.1689  0.1761  0.1765  0.1809  
0.1771  0.1737  0.1757  0.1754  0.1699  0.1704  0.1734  0.1713  0.1637  
0.1665  0.1707  0.1683  0.1675  0.1646  0.173   0.1729  0.1712  0.1702  
0.1698  0.1686  0.1709  0.169   0.1705  0.171   0.1701  0.173   0.1718  
0.1735  0.1689  0.1712  0.1732  0.1735  0.1771  0.1788  0.1807  0.1816  
0.1839  0.1884  0.1905  0.1939  0.1963  0.1981  0.197   0.2044  0.2051  
0.2087  0.2109  0.2106  0.2123  0.2136  0.2157  0.2167  0.2186  0.2208  
0.22    0.2208  0.2202  0.2203  0.2199  0.2173  0.2172  0.2151  0.2144  
0.213   0.2099  0.2099  0.2091  0.2063  0.2059  0.2049  0.2047  0.2025  
0.2023  0.2009  0.2008  0.2004  0.1987  0.1972  0.1953  0.1937  0.1923  
0.1918  0.191   0.1903  0.1912  0.1928  0.1938  0.1958  0.1974  0.1995  
0.2017  0.204   0.2088  0.2101  0.2128  0.2157  0.2229  0.2219  0.2224  
0.2211  0.2191  0.2163  0.2156  0.2177  0.2199  0.2219  0.2221  0.2233  
0.2245  0.2256  0.2269  0.228   0.2302  0.2309  0.2319  0.232   0.2331  
0.234   0.2359  0.2368  0.2363  0.2367  0.2375  0.2386  0.2398  0.2435  
0.2444  0.2452  0.2464  0.2458  0.2464  0.2471  0.2482  0.2496  0.252   
0.253   0.2541  0.254   0.255   0.256   0.2569  0.2576  0.2585  0.2594  
0.2602  0.2609  0.2626  0.2635  0.2631  0.2642  0.2648  0.2657  0.2667  
0.2712  0.2719  0.2717  0.2723  0.2731  0.2736  0.2743  0.2752  0.2686  
0.2773  0.2785  0.2809  0.2818  0.2743  0.2749  0.276   0.2707  0.2767  
0.278   0.2783  0.279   0.2795  0.2803  0.2807  0.2819  0.2825  0.2833  
0.2842  0.2845  0.2856  0.2865  0.2873  0.2882  0.2901  0.2907  0.2914  
0.2914  0.2919  0.2925  0.293   0.2941  0.2947  0.2932  0.2967  0.2974  
0.2989  0.3006  0.3012  0.3017  0.3016  0.3021  0.3027  0.3032  0.3039  
0.3028  0.3051  0.3058  0.3067  0.3077  0.3085  0.3098  0.3109  0.3119  
0.3125  0.3131  0.3139  0.3145  0.3152  0.3148  0.3188  0.3196  0.3202  
0.321   0.3218  0.3294  0.3304  0.3321  0.3331  0.3273  0.3358  0.3366  
0.3375  0.3376  0.3361  0.3369  0.3406  0.3435  0.3457  0.3428  0.3504  
0.3518  0.3539  0.3549  0.3549  0.3575  0.3584  0.3602  0.3637  0.3665  
0.3688  0.3704  0.3723  0.3735  0.3745  0.3762  0.3774  0.3789  0.382   
0.3844  0.3871  0.3897  0.3891  0.3932  0.3944  0.3969  0.3996  0.4063  
0.404   0.4057  0.4062  0.4096  0.413   0.4155  0.4177  0.4205  0.4236  
0.4262  0.4288  0.4311  0.4336  0.4362  0.4396  0.4438  0.4463  0.4463  
0.4435  0.4545  0.4662  0.5149  0.5637  0.578   0.6002  0.6127  0.6325  
0.6537  0.6716  0.689   0.7027  0.7175  0.7373  0.758   0.7743  0.7918  
0.8081  0.8257  0.8429  0.8059  0.8702]; 
  
loglog(FrequencyComp,RealEpsRelCompensated,'r','linewidth',3) 
axis([1e2 1e8 0.01 10]) 
hold on 
loglog(FrequencyComp,ImagEpsRelCompensated,'k','linewidth',2) 
loglog(Frequency,RealEpsRel,'r--','linewidth',3); 
loglog(Frequency,ImagEpsRel,'k--','linewidth',2); 
hold off 
grid 
  
title('Relative permittivity of epoxy') 
xlabel('Frequency [Hz]') 
ylabel('Relative permittivity') 
legend('real part with compensation','imaginary part with compensation' ... 
,'real part without compensation','imaginary part without compensation') 
 

%-------------------------------------------------------------------------% 
%PermittivityMylar.m                                                      % 
%-------------------------------------------------------------------------% 
FrequencyComp=[100  103 106 110 114 117 121 125 129 134 138 143 147 152 157 
162 168 173 179 185 191 197 203 210 217 224 231 239 253 272 281 290 299 309 



 

 

 

 

 Appendix J 315 

 
319 330 341 352 363 375 387 400 413 427 441 455 470 486 501 518 535 552 571 
589 609 628 649 670 692 715 738 763 788 813 840 868 896 925 956 987 1019    
1053    1087    1123    1160    1198    1237    1278    1320    1363    
1407    1454    1501    1550    1601    1654    1708    1764    1822    
1881    1943    2007    2072    2140    2211    2283    2358    2435    
2682    2770    2881    2955    3052    3152    3255    3352    3472    
3586    3703    3825    3950    4079    4213    4351    4494    4641    
4793    4950    5112    5280    5453    5632    5816    6007    6204    
6407    6617    6834    7058    7289    7528    7775    8030    8293    
8565    8845    9135    9435    9744    10063   10393   10734   11085   
11449   11824   12211   12612   13025   13452   13893   14348   14818   
15304   15806   16324   16858   17411   17982   18571   19180   19808   
20457   21128   21820   22535   23274   24037   24825   27346   28242   
29168   30124   31111   32131   33184   34271   35395   36555   37753   
38990   40268   41588   42950   44358   45812   47313   48864   50465   
52119   53828   55592   57414   59295   61239   63246   65318   67459   
69670   71953   74311   76747   79262   81860   84543   87314   90175   
93130   96183   99335   102591  105953  109425  113012  116715  120541  
124491  128571  132785  137137  141631  146273  151067  156018  161131  
166412  171866  177499  183316  189324  195529  201937  208555  215390  
222449  229740  237269  245045  253076  278783  287920  297356  307102  
317166  327561  338297  349384  360835  372660  384874  397488  410515  
423969  437864  452214  467035  482341  498149  514476  531337  548751  
566735  585309  604492  624303  644764  665895  687719  710258  733536  
757577  782405  808047  834530  861881  890128  919300  949429  980545  
1012682 1045871 1080148 1115548 1152109 1189868 1228864 1269138 1310733 
1353690 1398055 1443875 1491196 1540068 1590541 1642669 1696506 1752106 
1809529 1868834 1930083 1993338 2058667 2126137 2195819 2267784 2342107 
2418867 2498142 2580015 2842083 2935235 3031433 3138784 3233392 3339362 
3448805 3561835 3678569 3799129 3923640 4052232 4185039 4322198 4463852 
4610149 4761240 4917283 5078441 5244880 5416774 5594301 5777647 5967001 
6162562 6364532 6573120 6788546 7011031 7240808 7478116 7723201 7976319 
8237732 8507712 8786541 9074508 9371913 9679065 9996283 10323898    
10662250    11011690    11372584    11745305    12130241    12527794    
12938375    13362413    13800348    14252636    14719747    15202167    
15700397    16214957    16746380    17295220    17862048    18447452    
19052043    19676448    20321317    20987320    21675152    22385525    
23119181    23876881    24659413    25467592    26302258    28974002    
29923586    30904291    31917138    32953179    34043503    35159233    
38311529    37501591    38730655    40000000]; 
  
RealEpsRelCompensated=[3.2576   3.2615  3.2599  3.2609  3.2622  3.2616  
3.2638  3.2648  3.2637  3.2644  3.2662  3.2661  3.2667  3.2658  3.267   
3.2678  3.2677  3.269   3.2678  3.268   3.2681  3.2686  3.2687  3.2677  
3.2678  3.2684  3.2689  3.2693  3.2705  3.2712  3.2708  3.2725  3.273   
3.2727  3.2727  3.2719  3.2713  3.2708  3.2695  3.2684  3.2706  3.2658  
3.2649  3.2646  3.2643  3.2639  3.2638  3.264   3.264   3.2656  3.2653  
3.2649  3.2648  3.2648  3.2646  3.2642  3.2642  3.2639  3.2637  3.2636  
3.2633  3.2631  3.2628  3.2625  3.2624  3.2622  3.2619  3.2616  3.2616  
3.2612  3.2608  3.2606  3.2603  3.2599  3.2598  3.2594  3.2593  3.259   
3.2587  3.2583  3.258   3.2577  3.2573  3.2572  3.2568  3.2564  3.2561  
3.2559  3.2555  3.2551  3.2549  3.2545  3.2542  3.2538  3.2538  3.2532  
3.2525  3.2524  3.2511  3.2505  3.2501  3.2531  3.2493  3.2486  3.2481  
3.2478  3.2474  3.2467  3.2461  3.2456  3.245   3.2445  3.2462  3.2456  
3.2451  3.2444  3.244   3.2432  3.2425  3.2419  3.2411  3.2403  3.2395  
3.2387  3.2379  3.2372  3.2362  3.2356  3.2346  3.2337  3.2329  3.2322  
3.2312  3.2303  3.2295  3.2288  3.228   3.2271  3.2265  3.2252  3.2244  
3.2238  3.223   3.2223  3.2216  3.2209  3.2201  3.2194  3.2186  3.2179  
3.217   3.2164  3.2156  3.215   3.2143  3.2138  3.2131  3.2124  3.2118  
3.2111  3.2105  3.2099  3.2092  3.2084  3.2077  3.2069  3.2062  3.2054  
3.2029  3.202   3.2011  3.1981  3.1987  3.1976  3.1965  3.1954  3.1945  
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3.1937  3.1929  3.1934  3.1926  3.1916  3.1906  3.2031  3.1885  3.1878  
3.1868  3.1869  3.1859  3.1849  3.1829  3.1819  3.1809  3.1809  3.1799  
3.1779  3.1768  3.1758  3.1748  3.1737  3.1736  3.1725  3.1714  3.1703  
3.1683  3.1672  3.1661  3.165   3.1638  3.1636  3.1625  3.1613  3.1593  
3.1582  3.157   3.1559  3.1548  3.1536  3.1524  3.1513  3.1501  3.1497  
3.1485  3.1473  3.1454  3.1442  3.143   3.1418  3.1406  3.1394  3.1389  
3.1376  3.1364  3.1345  3.1332  3.132   3.1307  3.1295  3.1257  3.1245  
3.1238  3.1228  3.1216  3.1203  3.1182  3.1153  3.1157  3.1145  3.1132  
3.112   3.1108  3.1096  3.1083  3.108   3.1067  3.1055  3.1043  3.1021  
3.0992  3.0996  3.0984  3.0972  3.0967  3.0954  3.0941  3.0921  3.0908  
3.1028  3.0883  3.087   3.0858  3.0845  3.0815  3.0819  3.0806  3.08    
3.0787  3.0772  3.0754  3.0741  3.0729  3.0716  3.0703  3.069   3.0677  
3.0663  3.0651  3.0637  3.0624  3.0611  3.0597  3.0584  3.057   3.0556  
3.0542  3.0528  3.0514  3.05    3.0485  3.047   3.0457  3.0442  3.0428  
3.0414  3.0399  3.0385  3.037   3.0354  3.0307  3.0291  3.0273  3.0258  
3.024   3.0222  3.0204  3.0186  3.0167  3.0147  3.0126  3.0106  3.0086  
3.0065  3.0044  3.0022  3.0032  2.9974  2.9951  2.9926  2.99    2.9873  
2.9845  2.9817  2.9788  2.9758  2.9726  2.9698  2.9663  2.962   2.9589  
2.9549  2.9508  2.9464  2.9419  2.9371  2.9322  2.927   2.9215  2.9157  
2.9098  2.9036  2.8971  2.8904  2.8832  2.8757  2.8661  2.8595  2.8509  
2.8419  2.8325  2.8226  2.8122  2.8023  2.7909  2.7788  2.7656  2.7499  
2.7373  2.723   2.7072  2.6911  2.6742  2.6572  2.6391  2.6201  2.5839  
2.5803  2.5589  2.5374  2.4669  2.4239  2.4147  2.3897  2.3645  2.3376  
2.3113  2.283   2.2536  2.2231  2.1912]; 
  
ImagEpsRelCompensated=[0    0.0022  0   0.0039  0.0077  0.0072  0.0155  
0.0089  0.0135  0.0188  0.0154  0.0237  0.0217  0.0228  0.0249  0.0278  
0.0273  0.0306  0.0309  0.0316  0.0309  0.034   0.0372  0.0363  0.0381  
0.0409  0.0411  0.0425  0.0481  0.0477  0.0466  0.0489  0.0499  0.0498  
0.0516  0.0511  0.0523  0.0534  0.0535  0.0532  0.0532  0.052   0.0526  
0.0537  0.0547  0.0553  0.0571  0.0572  0.059   0.0579  0.059   0.0595  
0.0611  0.0629  0.0636  0.0649  0.0649  0.0666  0.0675  0.0699  0.0708  
0.0722  0.0725  0.0746  0.0755  0.0758  0.0778  0.0782  0.0797  0.0813  
0.0846  0.0852  0.0869  0.0875  0.0885  0.0898  0.0921  0.0921  0.0935  
0.095   0.0962  0.0976  0.0987  0.1007  0.1018  0.1039  0.1046  0.1068  
0.1077  0.1098  0.1118  0.1137  0.115   0.1166  0.1184  0.1202  0.1221  
0.123   0.1291  0.1318  0.1322  0.1353  0.1383  0.1399  0.1429  0.1442  
0.1464  0.1486  0.1518  0.154   0.156   0.1603  0.161   0.1644  0.1683  
0.17    0.1731  0.1754  0.1793  0.1837  0.186   0.1885  0.1895  0.1943  
0.1965  0.1973  0.2008  0.2024  0.2036  0.206   0.2065  0.2081  0.2088  
0.2102  0.2103  0.2108  0.2117  0.211   0.2127  0.2118  0.2129  0.2143  
0.2154  0.2169  0.2163  0.2175  0.2191  0.2204  0.2213  0.2221  0.2234  
0.2237  0.2243  0.2253  0.2254  0.2276  0.2286  0.2303  0.2322  0.2342  
0.2367  0.238   0.2403  0.2423  0.2449  0.2474  0.2502  0.2526  0.2613  
0.2642  0.2672  0.2677  0.2699  0.2716  0.2725  0.2729  0.273   0.2742  
0.2766  0.2792  0.2816  0.2842  0.2855  0.2843  0.2894  0.2914  0.2932  
0.2975  0.299   0.3007  0.3008  0.3024  0.3041  0.3077  0.3093  0.3093  
0.3108  0.3126  0.3144  0.3158  0.3196  0.3212  0.3229  0.3247  0.3248  
0.3265  0.3283  0.3301  0.3317  0.3351  0.3365  0.338   0.3384  0.3401  
0.3415  0.3432  0.3449  0.3464  0.3481  0.3495  0.351   0.3537  0.3552  
0.3568  0.3573  0.3588  0.3604  0.3618  0.3635  0.365   0.369   0.3687  
0.3702  0.3714  0.3726  0.3743  0.3758  0.3772  0.3818  0.3834  0.385   
0.3842  0.3858  0.3876  0.3892  0.3906  0.3926  0.394   0.3949  0.3967  
0.3985  0.4004  0.4022  0.4028  0.4042  0.4059  0.4076  0.4104  0.4121  
0.4139  0.4158  0.4175  0.4181  0.4199  0.4214  0.4254  0.4273  0.4294  
0.4317  0.4338  0.4363  0.4385  0.4409  0.4436  0.4462  0.4463  0.4489  
0.4515  0.4575  0.4603  0.463   0.466   0.4689  0.4722  0.4757  0.4789  
0.4825  0.4859  0.4896  0.4933  0.4972  0.501   0.505   0.5092  0.5135  
0.5178  0.5224  0.5271  0.5324  0.5379  0.5431  0.5481  0.5535  0.5589  
0.5648  0.5707  0.5768  0.5829  0.603   0.6101  0.6166  0.6239  0.6322  
0.6406  0.6485  0.6565  0.6653  0.674   0.6829  0.6901  0.7027  0.7126  
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0.7238  0.7355  0.7472  0.7584  0.77    0.7819  0.7937  0.8057  0.8187  
0.8313  0.8451  0.859   0.8742  0.889   0.9046  0.921   0.9379  0.9549  
0.9724  0.9906  1.0098  1.0298  1.0491  1.0694  1.0919  1.113   1.1349  
1.1572  1.1797  1.2038  1.2298  1.2574  1.2832  1.3074  1.3356  1.3655  
1.3932  1.4212  1.4491  1.4797  1.5105  1.5433  1.5738  1.605   1.6339  
1.663   1.6936  1.722   1.7499  1.7787  1.8112  1.8431  1.8773  1.9103  
1.9451  1.984   2.1073  2.1418  2.1665  2.1936  2.2384  2.2701  2.299   
2.197   2.3418  2.3613  2.3759]; 
  
Frequency=[100  103 106 110 114 117 121 125 129 134 138 143 147 152 157 162 
168 173 179 185 191 197 203 210 217 224 231 239 247 255 263 272 281 290 299 
309 319 352 363 375 387 400 413 427 441 455 470 486 501 518 535 552 571 589 
609 628 649 670 692 715 738 763 788 813 840 868 896 925 956 987 1019    
1053    1087    1123    1160    1198    1237    1278    1320    1363    
1407    1454    1501    1550    1601    1654    1708    1764    1822    
1881    1943    2007    2072    2140    2211    2283    2358    2435    
2515    2597    2682    2770    2861    2955    3052    3152    3255    
3586    3703    3825    3950    4079    4213    4351    4494    4641    
4793    4950    5112    5280    5453    5632    5816    6007    6204    
6407    6617    6834    7058    7289    7528    7775    8030    8293    
8565    8845    9135    9435    9743    10063   10393   10734   11085   
11449   11824   12211   12612   13025   13452   13893   14348   14818   
15304   15806   16324   16858   17411   17982   18571   19180   19808   
20457   21128   21820   22535   23274   24037   24825   25638   26478   
27346   28242   29168   30124   31111   32131   33184   35555   37753   
38989   40268   41588   42950   44358   45812   47313   48864   50465   
52119   53828   55592   57414   59295   61239   63246   65318   67459   
69670   71953   74311   76747   79262   81860   84543   87314   90175   
93130   96183   99335   102591  105953  109425  113012  116715  120541  
124491  128571  132785  137137  141631  146273  151067  156018  161131  
166412  171866  177499  183316  189324  195529  201937  208555  215390  
222449  229740  237269  245045  253076  261371  269937  278783  287920  
297356  307102  317167  327561  338296  372660  384874  397488  410515  
423969  437864  452214  467035  482341  498149  514476  531337  548751  
566735  585309  604492  624303  644764  665895  687719  710258  733536  
757577  782405  808047  834530  861881  890128  919300  949429  980545  
1012682 1045871 1080148 1115548 1152109 1189868 1228864 1269138 1310733 
1353690 1398055 1443875 1491196 1540068 1590541 1642669 1696506 1752106 
1809529 1868834 1930083 1993338 2058667 2126137 2195819 2267784 2342107 
2418867 2498142 2580015 2664572 2751899 2842089 2935235 3031433 3130784 
3233392 3339362 3448805 3799129 3923640 4052232 4185039 4322198 4463852 
4610149 4761240 4917283 5078441 5244879 5416774 5594301 5777647 5967001 
6162562 6364532 6573120 6788546 7011031 7240808 7478116 7723201 7976319 
8237732 8507712 8786541 9074508 9371913 9679065 9996283 10323898    
10662250    11011690    11372584    11745305    12130241    12527794    
12938375    13362413    13800348    14252636    14719747    15202166    
15700397    16214957    16746380    17295220    17862048    18447452    
19052043    19676448    20321317    20987320    21675152    22385525    
23119181    23876881    24659413    25467592    26302258    27164280    
28054552    28974002    29923586    30904291    31917138    32963179    
34043503    35159233    38730654    40000000]; 
  
RealEpsRel=[3.2811  3.2821  3.2816  3.2808  3.2822  3.2807  3.2827  3.2808  
3.2828  3.2821  3.2826  3.2821  3.2842  3.2839  3.2839  3.2822  3.284   
3.284   3.2834  3.2837  3.2832  3.2807  3.2811  3.281   3.2811  3.283   
3.2829  3.2834  3.2838  3.2837  3.2843  3.2846  3.2852  3.2859  3.2865  
3.2865  3.2859  3.284   3.2813  3.2835  3.2822  3.2806  3.2799  3.2795  
3.2791  3.2788  3.2787  3.2788  3.2788  3.2787  3.2784  3.2783  3.2779  
3.2776  3.2773  3.2771  3.2769  3.2766  3.2765  3.2761  3.2759  3.2755  
3.2753  3.2751  3.2748  3.2746  3.2743  3.274   3.2738  3.2735  3.2732  
3.2728  3.2725  3.2723  3.2719  3.2716  3.2714  3.2709  3.2706  3.2703  
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3.2699  3.2697  3.2692  3.269   3.2686  3.2683  3.2681  3.2675  3.2672  
3.2668  3.2664  3.2695  3.2657  3.2653  3.265   3.2647  3.2641  3.2636  
3.2632  3.2628  3.2623  3.2616  3.2613  3.2608  3.2604  3.2623  3.2621  
3.2608  3.2601  3.2598  3.2592  3.2588  3.2416  3.2576  3.2571  3.2565  
3.256   3.2554  3.2547  3.2539  3.253   3.2523  3.2516  3.2508  3.2482  
3.249   3.2484  3.2474  3.2466  3.2457  3.2447  3.2439  3.2431  3.2423  
3.2414  3.2406  3.2399  3.239   3.2382  3.2369  3.2362  3.2356  3.2347  
3.2341  3.2333  3.2309  3.2318  3.2311  3.2303  3.2297  3.2288  3.2281  
3.2274  3.2267  3.226   3.2254  3.2246  3.2241  3.2233  3.2227  3.222   
3.2212  3.2204  3.2197  3.219   3.2182  3.2173  3.2165  3.2175  3.2166  
3.2158  3.2149  3.214   3.2127  3.2118  3.2107  3.2097  3.2072  3.2064  
3.2055  3.2046  3.2053  3.2027  3.2017  3.1991  3.1998  3.1988  3.1988  
3.1978  3.1969  3.1949  3.1939  3.1929  3.1929  3.1919  3.19    3.1889  
3.1878  3.1868  3.1858  3.1856  3.1845  3.1834  3.1823  3.1803  3.1792  
3.1781  3.177   3.1758  3.1756  3.1746  3.1734  3.1714  3.1703  3.1692  
3.168   3.1669  3.1657  3.1646  3.1634  3.1623  3.1619  3.1607  3.1596  
3.1577  3.1565  3.1553  3.1542  3.153   3.1518  3.1513  3.1502  3.149   
3.1475  3.1464  3.1453  3.1443  3.1432  3.1421  3.1411  3.14    3.139   
3.139   3.138   3.137   3.136   3.134   3.1311  3.1302  3.1294  3.1284  
3.1276  3.1268  3.1269  3.1261  3.1254  3.1246  3.123   3.1223  3.1217  
3.1211  3.1206  3.121   3.1208  3.1201  3.1189  3.1186  3.1184  3.1182  
3.1182  3.1181  3.1182  3.1184  3.1187  3.119   3.1202  3.1208  3.1215  
3.1216  3.1226  3.1237  3.125   3.1265  3.1281  3.13    3.132   3.1343  
3.1369  3.1396  3.1427  3.146   3.1497  3.1536  3.158   3.1627  3.1678  
3.1734  3.1795  3.1861  3.1932  3.2011  3.2095  3.2187  3.2286  3.2393  
3.2509  3.2635  3.277   3.2917  3.3075  3.3246  3.3432  3.3634  3.3852  
3.4089  3.4347  3.4626  3.5622  3.5852  3.645   3.6923  3.7443  3.8014  
3.8627  3.9173  4.0107  4.0948  4.1921  4.2992  4.4196  4.5558  4.7108  
4.8878  5.0752  5.3288  5.6066  5.936   6.3315  6.8153  7.4134  8.1714  
9.1575  10.477  12.296  14.825  17.898  17.246  0   0   0   0   0   0   0   
0   0   0   0   0   0   0   0   0   0   0   0   0   0   0   0   0   0   0   
0   0   0   0   0   0   0   0   0   0   0   0   0   0   0   0]; 
  
ImagEpsRel=[0   0   0   0   0.0021  0.0051  0.0081  0.01    0.0108  0.0176  
0.0158  0.0185  0.0228  0.0242  0.0243  0.0259  0.0308  0.0314  0.0316  
0.0337  0.0341  0.0357  0.0339  0.0367  0.0376  0.0402  0.0419  0.044   
0.0446  0.0463  0.0474  0.0484  0.0494  0.05    0.0504  0.0512  0.0516  
0.0542  0.0554  0.0532  0.0527  0.0526  0.0534  0.0543  0.0546  0.0555  
0.0567  0.0577  0.0579  0.0598  0.0604  0.0612  0.0623  0.0633  0.0647  
0.0661  0.0672  0.0685  0.0697  0.0706  0.072   0.0736  0.0736  0.0758  
0.0764  0.0779  0.0789  0.0802  0.0809  0.0823  0.0864  0.0862  0.0878  
0.0891  0.0904  0.0919  0.0927  0.0938  0.0952  0.0966  0.0974  0.0987  
0.1004  0.1017  0.1032  0.1045  0.1066  0.1075  0.1098  0.1119  0.1122  
0.1152  0.1172  0.1183  0.1198  0.1218  0.1225  0.1246  0.1266  0.1282  
0.1298  0.1325  0.134   0.136   0.1376  0.1381  0.1411  0.149   0.1515  
0.1544  0.1573  0.159   0.1621  0.1656  0.1688  0.1723  0.1762  0.1781  
0.1789  0.1841  0.1867  0.1899  0.1918  0.1943  0.1971  0.1996  0.2017  
0.2041  0.2054  0.2068  0.2086  0.2093  0.2108  0.2114  0.2117  0.2135  
0.2137  0.214   0.2146  0.2151  0.2148  0.2159  0.216   0.2185  0.2191  
0.2202  0.2204  0.222   0.2233  0.2242  0.2252  0.2248  0.2263  0.227   
0.2278  0.2291  0.23    0.2315  0.2243  0.2351  0.2371  0.2394  0.2416  
0.2433  0.2451  0.248   0.2507  0.2531  0.2517  0.2552  0.2586  0.2618  
0.2648  0.2694  0.27    0.2725  0.2729  0.2828  0.2772  0.28    0.2821  
0.2845  0.2863  0.2885  0.2905  0.2923  0.2941  0.299   0.3006  0.3025  
0.3015  0.3032  0.3048  0.3093  0.3109  0.3101  0.3118  0.3135  0.3059  
0.317   0.3216  0.3232  0.3249  0.3266  0.3263  0.3279  0.3297  0.3316  
0.3333  0.3368  0.3385  0.3399  0.3401  0.3417  0.3434  0.345   0.3466  
0.3483  0.3498  0.3516  0.3532  0.356   0.3575  0.359   0.3596  0.3611  
0.3628  0.3644  0.3661  0.3675  0.3699  0.3634  0.3731  0.3725  0.374   
0.3772  0.3774  0.379   0.3803  0.3824  0.3838  0.3856  0.3874  0.3891  
0.3904  0.3922  0.3938  0.3992  0.4009  0.4028  0.4047  0.4066  0.4081  
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0.4099  0.412   0.4141  0.4162  0.4156  0.4209  0.4231  0.4255  0.4273  
0.4292  0.4313  0.4339  0.4379  0.4406  0.4433  0.4464  0.4493  0.4525  
0.4558  0.4593  0.4628  0.4664  0.468   0.4543  0.4759  0.4828  0.4868  
0.4911  0.4956  0.5003  0.5053  0.5104  0.5156  0.5212  0.5271  0.5333  
0.5396  0.5464  0.5535  0.5607  0.5686  0.5769  0.5855  0.5946  0.6044  
0.6146  0.6253  0.6365  0.648   0.6605  0.6736  0.6876  0.7024  0.7181  
0.7351  0.7532  0.7725  0.7932  0.8149  0.8379  0.8629  0.8903  0.9195  
0.9511  1.0631  1.1074  1.1562  1.2104  1.3012  1.3364  1.4111  1.494   
1.5875  1.6933  1.8138  1.9516  2.1104  2.2961  2.5157  2.7765  3.0903  
3.4747  3.9523  4.557   5.3401  6.3784  7.7994  9.8264  12.855  17.681  
26.04   42.19   77.84   159.2   224.28  126.84  58.451  30.56   18.057  
11.655  8.0127  5.7738  4.3106  3.3083  2.5969  2.0735  1.681   1.3796  
1.1438  0.9561  0.8054  0.6825  0.5816  0.4981  0.428   0.3692  0.3194  
0.2769  0.2405  0.2093  0.1822  0.1586  0.1382  0.1202  0.1042  0.0904  
0.0785  0.0683  0.0594  0.052   0.0458  0.0404  0.0359  0.0318  0.0242  
0.0246]; 
  
figure 
loglog(FrequencyComp,RealEpsRelCompensated,'r','linewidth',3) 
axis([1e2 1e8 1e-3 1e3]) 
hold on 
loglog(FrequencyComp,ImagEpsRelCompensated,'k','linewidth',2) 
loglog(Frequency,RealEpsRel,'r--','linewidth',3); 
loglog(Frequency,ImagEpsRel,'k--','linewidth',2); 
hold off 
grid 
  
title('Relative permittivity of Mylar') 
xlabel('Frequency [Hz]') 
ylabel('Relative permittivity') 
legend('real part with compensation','imaginary part with compensation', 
... 'real part without compensation','imaginary part without compensation') 
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Appendix K 

Converting MTL parameters to 
lumped Π- and T-models 

The following code converts the parameter matrices R, L and C from MTL theory, i.e. 
the matrices obtained directly from FEM simulations, to the corresponding lumped R, L 
and C matrices. Thus the primitive impedance matrix of the system excluding capacitance 
and conductance can after conversion be written ZRL = R + j⋅ω L and the nodal capaci-
tance matrix can be written Cnodal = C. In case conductance is not included as complex 
capacitance the conductance matrix should be converted in the same manner as C. 

It is assumed that the winding is grounded and contains no parallel connections. In ad-
dition, it is for the T-equivalent assumed that all turns are connected successively. 
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%ConvertLC.m                                                              % 
%                                                                         % 
%The capacitance matrix and inductance matrix are given in accordance with% 
%MTL theory, which is the natural form from a FEM simulation.             % 
%If the capacitances simply are displaced to the nearest node, a gamma-   % 
%equivalent is applied. The capacitance matrix of a grounded winding is   % 
%identical to that of an MTL model.                                       % 
%This file shows how the C matrix should be                               %            
%modified in order to apply Pi-equivalents and T-equivalents              % 
%respectively. Note that the T-equivalent nodes are at the centre of each % 
%turn except the end turns of the winding. Thus it is also necessary to   % 
%modify L and R in case of a T-equivalent                                 % 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%NOTE: ACTIVATE ONLY ONE CIRCUIT TYPE AT A TIME 
  
%----------------CONVERT MTL TO GAMMA----------------------% 
C=C;  %Nothing has to be done 
%----------------------------------------------------------% 
  
%----------------CONVERT MTL TO PI-----------------------% 
C=0.5*cat(2,C,zeros(N,1)); 
C=cat(1,C,zeros(1,N+1)); 
C(2:end,2:end)=C(2:end,2:end)+C(1:N,1:N); 
C(N+1,:)=[]; 
C(:,N+1)=[]; 
%----------------------------------------------------------% 
  
%----------------CONVERT MTL TO TEE--------------------% 
% % - Ct is a n+2 matrix with zeros all around Cmtl , 
% %   ...but the last node is grounded, so Ct has only n+1 rows/columns 
% % Lt and Rt are treated like Cpi, though no lines are removed 
% % Incidence matrix A must be modified too, as the number of line segments  
% % are increased by 1 
C=cat(2,zeros(N,1),C); 
C=cat(1,zeros(1,N+1),C); 
L=0.5*cat(2,L,zeros(N,1)); 
L=cat(1,L,zeros(1,N+1)); 
L(2:end,2:end)=L(2:end,2:end)+L(1:N,1:N); 
R=0.5*cat(2,R,zeros(N,1)); 
R=cat(1,R,zeros(1,N+1)); 
R(2:end,2:end)=R(2:end,2:end)+R(1:N,1:N); 
%----------------------------------------------------------% 
  
 
 



 

 

 

 

 Appendix L 323 

 
 

Appendix L 

Symbolic Transfer Functions 
The following code requires MATLAB and the symbolic toolbox 
 
The output for the T-equivalent is given on the next page. 
 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%    - APPENDIX C - SYMBOLIC COMPUTATION OF VOLTAGE TRANSFER FUNCTION     % 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
syms s L M C            %Define initial symbolic variables 
A=inv(triu(ones(2)))    %A-matrix of 2 series connected lines 
Z=s*[L M;M L]           %Primitive impedance matrix of inductance part 
Y=inv(Z)                %Primitive admittance matrix of inductance part 
Yn=A'*Y*A               %Nodal admittance matrix of inductance part 
  
%--------------CIRCUIT DEPENDENT CODE---------------% 
%--------Activate only one circuit at a time--------% 
%            Capacitances are added here 
% 
    display('Single T-equivalent – add capacitance') 
    Yn(2,2)=Yn(2,2)+s*C*2 
%  
%     display('Reverse Gamma-equivalent (displaced capacitance)') 
%     Yn(2,2)=Yn(2,2)+s*C 
%  
%     display('Gamma-equivalent (displaced capacitance)') 
%     Yn(1,1)=Yn(1,1)+s*C 
%     Yn(2,2)=Yn(2,2)+s*C 
%  
%     display('Pi-equivalent (displaced capacitance)') 
%     Yn(1,1)=Yn(1,1)+s*1/2*C 
%     Yn(2,2)=Yn(2,2)+s*C 
%--------END OF CIRCUIT DEPENDENT CODE---------------% 
     
Zn=inv((Yn))            %Compute nodal impedance matrix 
H=Zn(2)/Zn(1)           %Compute transfer function 
  
%RESULT FOR EACH CIRCUIT 
%PI-EQ.: H=1/(2+(L*C-M*C)*s^2) 
%GAMMA-EQ.: H=1/(2+(L*C-M*C)*s^2) 
%Reverse GAMMA-EQ.: H=1/(2+(L*C-M*C)*s^2) 
%TOTAL RESULT: H = 1/(2-(L-M)*C*w^2) 
%Except: 
%Single Tau: 1/(2-(L-M)*2*C*w^2) 
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OUTPUT WHEN RUNNING THE ABOVE FILE FOR THE T-EQUIVALENT: 

 

A = 

     1    -1 

     0     1 

 

Z = 

[ s*L, s*M] 

[ s*M, s*L] 

  

Y = 

[  1/s*L/(L^2-M^2), -1/s*M/(L^2-M^2)] 

[ -1/s*M/(L^2-M^2),  1/s*L/(L^2-M^2)] 

  

Yn = 

[                  1/s*L/(L^2-M^2), -1/s*L/(L^2-M^2)-1/s*M/(L^2-M^2)] 

[ -1/s*L/(L^2-M^2)-1/s*M/(L^2-M^2),  2/s*M/(L^2-M^2)+2/s*L/(L^2-M^2)] 

  

Single T-equivalent – add capacitance 

  

Yn = 

[                       1/s*L/(L^2-M^2),      -1/s*L/(L^2-M^2)-1/s*M/(L^2-M^2)] 

[      -1/s*L/(L^2-M^2)-1/s*M/(L^2-M^2), 2/s*M/(L^2-M^2)+2/s*L/(L^2-M^2)+2*s*C] 

  

Zn = 

[ 2*(L+M)*s*(s^2*C*L+1-s^2*C*M)/(2*s^2*C*L+1),                       s*(L+M)/(2*s^2*C*L+1)] 

[                       s*(L+M)/(2*s^2*C*L+1),                           s*L/(2*s^2*C*L+1)] 

  

H = 1/2/(s^2*C*L+1-s^2*C*M) 

   

>> 
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